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Abstract
SO(5)×U(1)×SU(3) gauge-Higgs unification model inspired by SO(11) gauge-
Higgs grand unification is constructed in the Randall-Sundrum warped space. The
4D Higgs boson is identified with the Aharonov-Bohm phase in the fifth dimension.
Fermion multiplets are introduced in the bulk in the spinor, vector and singlet
representations of SO(5) such that they are implemented in the spinor and vector
representations of SO(11). The mass spectrum of quarks and leptons in three
generations is reproduced except for the down quark mass. The small neutrino
masses are explained by the gauge-Higgs seesaw mechanism which takes the same
form as in the inverse seesaw mechanism in grand unified theories in four dimensions.
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1 Introduction
The existence of the Higgs boson of a mass 125 GeV has been firmly established at LHC.[1]
It supports the unification scenario of electromagnetic and weak forces. So far almost all
of the experimental results and observations have been consistent with the standard model
(SM) based on the gauge group GSM = SU(3)C × SU(2)L × U(1)Y . Yet it is not clear
whether or not the observed Higgs boson is precisely what the SM assumes. All of the
Higgs couplings to other fields and to itself need to be determined with better accuracy.
Furthermore, the SM is afflicted with the gauge hierarchy problem which becomes ap-
parent when the model is generalized to incorporate grand unification. The fundamental
problem is the lack of a principle which regulates the Higgs sector, in quite contrast to
the gauge sector which is controlled by the gauge principle.
There are several attempts to overcome these difficulties. Supersymmetric theory is
one of them which has been extensively investigated. An alternative approach is gauge-
Higgs unification in which the Higgs boson is identified with the zero mode of the fifth
dimensional component of the gauge potential. It appears as a fluctuation mode of the
Aharonov-Bohm (AB) phase θH in the fifth dimension.[2]-[7] Already a realistic gauge-
Higgs unification (GHU) model has been constructed. It is the SO(5) × U(1)X gauge
theory in the Randall-Sundrum (RS) warped space with quark and lepton multiplets in
the vector representation of SO(5).[8]-[16] It has been shown that the SO(5) × U(1)X
GHU yields nearly the same phenomenology at low energies as the SM. Deviations of
the gauge couplings of quarks and leptons from the SM values are less than 10−3 for
θH ∼ 0.1. Higgs couplings of quarks, leptons, W and Z are approximately the SM values
times cos θH , the deviation being about 1%. The Kaluza-Klein (KK) mass scale is about
mKK ∼ 8 TeV for θH ∼ 0.1. Implications of GHU to dark matter and Majorana neutrino
masses are also under intensive study.[17]-[21]
The model predicts Z ′ bosons, which are the first KK modes of γ, Z, and ZR (SU(2)R
gauge boson), in the 7 ∼ 9 TeV range for θH = 0.1 ∼ 0.07. They have broad widths
and can be produced at 14 TeV LHC.[12, 13] The current non-observation of Z ′ signals
puts the limit θH < 0.11. Right-handed quarks and charged leptons have rather large
couplings to Z ′. It has been pointed out recently that the interference effects of Z ′ bosons
can be clearly observed at 250 GeV e+e− linear collider (ILC).[14, 16] For instance, in
the process e+e− → µ+µ− the deviation from the SM amounts to −4% with the electron
beam polarized in the right-handed mode by 80% (Pe− = 0.8) for θH ∼ 0.09, whereas there
appears negligible deviation with the electron beam polarized in the left-handed mode by
2
80% (Pe− = −0.8). In the forward-backward asymmetry AFB(µ+µ−) the deviation from
the SM becomes −2% for Pe− = 0.8. These deviations can be seen at 250 GeV ILC with
250 fb−1 data, namely in the early stage of the ILC project.[22, 23, 24]
At this point one may pause to ask a question. Is there an alternative way of intro-
ducing quark-lepton multiplets in the SO(5)×U(1)X ×SU(3)C GHU? A different choice
may lead to different predictions for the Z ′ couplings.
In this paper we present an alternative way of introducing fermions in the SO(5) ×
U(1)X ×SU(3)C GHU based on the compatibility with grand unification of forces. Many
gauge-Higgs grand unification models have been proposed.[25]-[30] Among them the SO(11)
GHU generalizes the gauge structure of the previous SO(5) × U(1)X × SU(3)C model,
yielding the 4D Higgs boson as an AB phase.[31]-[36] Fermions are introduced in the
spinor and vector representations of SO(11). The current SO(11) GHU models in either
5D or 6D warped space are not completely satisfactory, however. The models yield exotic
light fermions in addition to quarks and leptons at low energies.
In the framework of grand unification, the representation in SO(5) and U(1)X charge
are not independent. Only certain combinations are allowed. For instance, fields with
quantum numbers of up-type quarks are contained in an SO(11) spinor, but not in an
SO(11) vector. This fact immediately implies that the fermion content in the previous
SO(5)×U(1)X×SU(3)C model, in which all quark multiplets are introduced in the vector
representation of SO(5), need to be modified to be consistent with the SO(11) unification.
The purpose of the present paper is to formulate an SO(5)×U(1)X×SU(3)C GHU which
is compatible with the SO(11) GHU scheme. Models must yield phenomenology of the
SM at low energies. In particular, the mass spectrum and gauge-couplings of quarks and
leptons need to be reproduced within experimental errors.
In Section 2 we review the general structure of the group SO(11) which is necessary
to construct a model compatible with gauge-Higgs grand unification. A new model of
SO(5) × U(1)X × SU(3)C GHU is introduced in Section 3. In Section 4 the mass spec-
trum of gauge fields is determined. In Section 5 the mass spectra of various fermion fields
are determined. Brane interactions become important for down-type quarks and neutral
leptons. W couplings of quarks and leptons are also evaluated. Section 6 is devoted to
summary and discussions. Appendix A summarizes generators of SO(5). Basis mode
functions in the RS space are summarized in Appendix B. In subsection B.3 modes func-
tions for massive fermion fields are given. In Appendix C notation for Majorana fermions
is summarized. In Appendix D the mass spectra and wave functions of additional dark
fermion fields are derived.
3
2 Structure of SO(11)
We would like to formulate SO(5)× U(1)X × SU(3)C GHU inspired from SO(11) GHU.
For that purpose it is useful to review branching rules of SO(11) to its subgroups. We
check them for SO(11) singlet, vector, spinor, and adjoint representations 1, 11, 32, 55.
All the necessary information is found in Ref. [37]. First we note
SO(11) ⊃ SO(6)C × SO(5)W ' SU(4)C × USp(4)W
⊃ SU(3)C × U(1)X × SU(2)L × SU(2)R
⊃ SU(3)C × SU(2)L × U(1)Y × U(1)Z . (2.1)
Here U(1)X represents U(1) in SO(6)C ' SU(4)C ⊃ SU(3)C × U(1)X , whereas U(1)Z
represents U(1) in SO(10) ⊃ SU(5)× U(1)Z .
The branching rules of SO(11) ⊃ SO(6)C ×SO(5)W (' SU(4)C ×USp(4)W ) are given
by
1 = (1,1),
11 = (6,1)⊕ (1,5),
32 = (4,4)⊕ (4,4),
55 = (15,1)⊕ (6,5)⊕ (1,10). (2.2)
The branching rules of SO(6)C ' SU(4)C ⊃ SU(3)C × U(1)X are given by
1 = (1)0 ,
4 = (3) 1
6
⊕ (1)− 1
2
,
4 = (3)− 1
6
⊕ (1) 1
2
,
6 = (3)− 1
3
⊕ (3) 1
3
,
15 = (8)0 ⊕ (3) 2
3
⊕ (3)− 2
3
⊕ (1)0 . (2.3)
Here the subscript represents the U(1)X charge QX . For later use QX has been normalized
such that the electric charge QEM is given by QEM = T
L
3 + T
R
3 + QX where T
L
a and T
R
a
(a = 1, 2, 3) are generators of SU(2)L and SU(2)R. From the branching rules (2.2) and
(2.3), one obtains the branching rules of SO(11) ⊃ SU(3)C × SO(5)W × U(1)X as
1 = (1,1)0 ,
11 = (3,1)− 1
3
⊕ (3,1) 1
3
⊕ (1,5)0 ,
32 = (3,4) 1
6
⊕ (1,4)− 1
2
⊕ (3,4)− 1
6
⊕ (1,4) 1
2
,
55 = (8,1)0 ⊕ (3,1) 2
3
⊕ (3,1)− 2
3
⊕ (1,1)0 ⊕ (3,5)− 1
3
⊕ (3,5) 1
3
⊕ (1,10)0 . (2.4)
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The branching rules of SO(5)W ' USp(4) ⊃ SU(2)L × SU(2)R are given by
1 = (1,1),
4 = (2,1)⊕ (1,2),
5 = (2,2)⊕ (1,1),
10 = (3,1)⊕ (2,2)⊕ (1,3). (2.5)
(For more information, see Table 471 in Ref. [37].)
It has been shown [35, 36] that in 6D SO(11) gauge-Higgs grand unification in the
hybrid warped space 4D SM chiral fermions and other vectorlike fermions can be extracted
from 6D Weyl fermions without 6D and 4D gauge anomalies. With appropriate boundary
conditions imposed, only (3,4) 1
6
⊕(1,4)− 1
2
of SU(3)C×SO(5)W ×U(1)X have zero modes
of 6D SO(11) 32 Weyl fermions. Also, only either (1,5)0 or (3,1)− 13 ⊕ (3,1) 13 have zero
modes of 6D SO(11) 11 Weyl fermions.
The gauge symmetry breaking takes place in three steps;
SU(3)C×SO(5)W × U(1)X
−→
BCs
SU(3)C × SU(2)L × SU(2)R × U(1)X
−→
〈Φ(1,4)1/2 〉6=0
SU(3)C × SU(2)L × U(1)Y = GSM
−→
θH 6=0
SU(3)C × U(1)EM . (2.6)
In the first step SO(5)W is broken to SO(4) ' SU(2)L × SU(2)R by orbifold boundary
conditions. In the second step SU(2)R × U(1)X is spontaneously broken to U(1)Y by
nonvanishing vacuum expectation value (VEV) of a brane scalar field Φ(1,4)1/2 . In the
third step SU(2)L × U(1)Y is broken to U(1)EM by the Hosotani mechanism θH 6= 0. At
the moment we need to introduce an elementary brane scalar field Φ(1,4)1/2 on the UV
brane, which is not completely in harmony with the philosophy of gauge-Higgs unification.
The Φ(1,4)1/2 field not only reduces the gauge symmetry to GSM in the second step in (2.6),
but also plays a crucial role in realizing the mass spectrum of quarks and leptons through
brane interactions. The origin of the brane scalar field remains to be clarified.
3 SU(3)C × SO(5)W × U(1)X GHU — new model
A new model of SU(3)C × SO(5)W × U(1)X GHU is defined in the Randall-Sundrum
warped space. The construction is guided by the SO(11) gauge-Higgs grand unified
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model[31]-[36] The metric gMN of the Randall-Sundrum (RS) warped space [38] is given
by
ds2 = gMNdx
MdxN = e−2σ(y)ηµνdxµdxν + dy2, (3.1)
where M,N = 0, 1, 2, 3, 5, µ, ν = 0, 1, 2, 3, y = x5, ηµν = diag(−1,+1,+1,+1), σ(y) =
σ(y + 2L) = σ(−y), and σ(y) = ky for 0 ≤ y ≤ L. The topological structure of the RS
space is S1/Z2. In terms of the conformal coordinate z = eky (1 ≤ z ≤ zL = ekL) in the
region 0 ≤ y ≤ L
ds2 =
1
z2
(
ηµνdx
µdxν +
dz2
k2
)
. (3.2)
The bulk region 0 < y < L (1 < z < zL) is anti-de Sitter (AdS) spacetime with a
cosmological constant Λ = −6k2, which is sandwiched by the UV brane at y = 0 (z = 1)
and the IR brane at y = L (z = zL). The KK mass scale is mKK = pik/(zL − 1) ' pikz−1L
for zL  1.
Parity transformations around the two fixed points (y0, y1) = (0, L) are defined as
(xµ, yj + y)→ (xµ, yj − y). We choose orbifold boundary conditions (BCs) such that they
break SO(5)W to SO(4) ' SU(2)L × SU(2)R as described below.
3.1 Gauge fields and orbifold boundary conditions
The structure of the gauge field part is the same as in the previous SU(3)C × SO(5)W ×
U(1)X GHU model. We have SU(3)C × SO(5)W × U(1)X (8,1)0, (1,10)0, and (1,1)0
gauge bosons denoted by A
SU(3)C
M , A
SO(5)W
M , and A
U(1)X
M . The orbifold BCs are given by(
Aµ
Ay
)
(x, yj − y) = Pj
(
Aµ
−Ay
)
(x, yj + y)P
−1
j (3.3)
for each gauge field. In terms of
P
SU(3)
3 = I3,
P
SO(5)
4 = diag (I2,−I2) ,
P
SO(5)
5 = diag (I4,−I1) , (3.4)
P0 = P1 = P
SU(3)
3 for A
SU(3)C
M and P0 = P1 = 1 for A
U(1)X
M . P0 = P1 = P
SO(5)
5 for
A
SO(5)W
M in the vector representation and P
SO(5)
4 in the spinor representation, respectively.
P
SO(5)
4 and P
SO(5)
5 break SO(5)W to SO(4). The parity assignments of Aµ and Ay are
summarized in Table 1. Note that the 4D Higgs field is contained in the (1,2,2)0 part of
Ay.
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Table 1: Parity assignment P0 = P1 of Aµ and Ay in SU(3)C×SU(2)L×SU(2)R×U(1)X .
G3221 := SU(3)C × SU(2)L × SU(2)R × U(1)X .
G3221 Aµ Ay
(8,1,1)0 (+,+) (−,−)
(1,3,1)0 (+,+) (−,−)
(1,1,3)0 (+,+) (−,−)
(1,2,2)0 (−,−) (+,+)
(1,1,1)0 (+,+) (−,−)
3.2 Matter fields and orbifold boundary conditions
Matter fields are introduced both in 5D bulk and on the UV brane. They are listed in
Table 2. Quark multiplets (3,4) 1
6
and (3,1)±− 1
3
are introduced in the 5D bulk in three
generations. They are denoted as Ψα(3,4)(x, y) and Ψ
±α
(3,1)(x, y) (α = 1, 2, 3). All Ψ
α
(3,4) and
Ψ±α(3,1) intertwine with each other. Lepton multiplets in the bulk are introduced in (1,4)− 12 ,
being denoted as Ψα(1,4)(x, y). In addition brane fermions χ
α
(1,1)(x) in the singlet (1,1)0
are introduced on the UV brane, which satisfy the Majorana condition χ(x)c = χ(x).
χα(1,1) and Ψ
α
(1,4) intertwine with each other to induce the seesaw mechanism for neutrino
masses. Two types of dark fermion multiplets, Ψα=4(3,4)(x, y) in (3,4) 16
and Ψ±β(1,5)(x, y)
(β = 1, · · · , nF ) in (1,5)±0 , are introduced in the bulk, which is necessary to have desired
electroweak (EW) symmetry breaking with 0 < θH <
1
2
pi. Ψα=4(3,4) obeys orbifold boundary
conditions such that no zero modes arise. Zero modes of Ψ±β(1,5) appear, but Ψ
+β
(1,5) and
Ψ−β(1,5) intertwine to have large Dirac masses. The brane scalar field Φ(1,4)(x) is introduced
in (1,4) 1
2
on the UV brane. All of these fields can be implemented in the representations
1, 11, and 32 of SO(11) as seen from (2.4). SU(3)C × SO(5)× U(1)X gauge symmetry
is preserved on the UV brane, which should be contrasted to the previous model in
which only SU(3)C × SO(4) × U(1)X symmetry is preserved on the UV brane. (3¯,1)±+ 1
3
fermion fields accompany with (3,1)±− 1
3
fermion fields when they are implemented in the
11 representation in SO(11) GHU. Zero modes of (3¯,1)+
+ 1
3
and (3¯,1)−
+ 1
3
couple to have
large Dirac masses so that they may be ignored here. One can confirm that anomalies
are cancelled in the present model.
Orbifold boundary conditions for bulk fermions are specified in the following manner.
(i) Quark multiplets: Ψα(3,4), Ψ
±α
(3,1)
Ψα(3,4)(x, yj − y) = −P SO(5)4 γ5Ψα(3,4)(x, yj + y) ,
Ψ±α(3,1)(x, yj − y) = ∓γ5Ψ±α(3,1)(x, yj + y) . (3.5)
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Table 2: Matter fields. SU(3)C × SO(5) × U(1)X content is shown. For comparison
the matter content in the previous model is listed in the last column. In the previous
model only SU(3)C ×SO(4)×U(1)X symmetry is preserved on the UV brane so that the
SU(2)L × SU(2)R content is shown for brane fields.
Present model
Type B
Previous model
Type A
quark (3,4) 1
6
(3,1)+− 1
3
(3,1)−− 1
3
(3,5) 2
3
(3,5)− 1
3
lepton (1,4)− 1
2
(1,5)0 (1,5)−1
dark fermion (3,4) 1
6
(1,5)+0 (1,5)
−
0 (1,4) 1
2
brane fermion (1,1)0
(3, [2,1]) 7
6
, 1
6
,− 5
6
(1, [2,1]) 1
2
,− 1
2
,− 3
2
brane scalar (1,4) 1
2
(1, [1,2]) 1
2
symmetry of
brane interactions
SU(3)C × SO(5)× U(1)X SU(3)C × SO(4)× U(1)X
Here 5D Dirac matrices γa (a = 0, 1, 2, 3, 5) satisfy {γa, γb} = 2ηab (ηab = diag(−I1, I4)),
and γ5 = diag(1, 1,−1,−1).
(ii) Lepton multiplets: Ψα(1,4)
Ψα(1,4)(x, yj − y) = −P SO(5)4 γ5Ψα(1,4)(x, yj + y) . (3.6)
(iii) Dark fermions: Ψ±β(1,5)
Ψ±β(1,5)(x, yj − y) = ±P SO(5)5 γ5Ψ±β(1,5)(x, yj + y) . (3.7)
Alternatively one may adopt the parity assignment ±(−1)jP SO(5)5 instead of ±P SO(5)5 in
(3.7).
(iv) Dark fermion: Ψ(3,4) ≡ ΨF
ΨF (x, yj − y) = (−1)jP SO(5)4 γ5ΨF (x, yj + y) . (3.8)
The parity assignment of 4D left- and right-handed component of each fermion field
is summarized in Table 3. Ψα(3,4) and Ψ
α
(1,4) (α = 1, 2, 3) has zero modes, corresponding
to one generation of quarks and leptons for each α.
3.3 Action
The action consists of the 5D bulk action and 4D brane action.
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Table 3: Parity assignment (P0, P1) of fermion fields in the bulk. The corresponding
names adopted in Ref. [33] are listed in the last column for the first generation. Brane
fermion and scalar fields are listed at the bottom for convenience.
Field G3221 Left Right Name
Ψα(3,4) (3,2,1) 16
(+,+) (−,−) uj
dj
(3,1,2) 1
6
(−,−) (+,+) u
′
j
d′j
Ψ±α(3,1) (3,1,1)− 13 (±,±) (∓,∓) D
±
j
Ψα(1,4) (1,2,1)− 12 (+,+) (−,−)
νe
e
(1,1,2)− 1
2
(−,−) (+,+) ν
′
e
e′
ΨF (3,2,1) 1
6
(−,+) (+,−) F1j
F2j
(3,1,2) 1
6
(+,−) (−,+) F
′
1j
F ′2j
Ψ±β(1,5) (1,2,2)0 (±,±) (∓,∓)
N± Eˆ±
E± Nˆ±
(1,1,1)0 (∓,∓) (±,±) S±
χα (1,1,1)0 — — χ
Φ(1,4) (1,2,1) 1
2
— — Φ[2,1]
(1,1,2) 1
2
— — Φ[1,2]
3.3.1 Bulk action
The bulk part of the action is given by
Sbulk = S
gauge
bulk + S
fermion
bulk , (3.9)
where Sgaugebulk and S
fermion
bulk are bulk actions of gauge and fermion fields, respectively. The
action of each gauge field, A
SU(3)C
M , A
SO(5)W
M , or A
U(1)X
M , is given in the form
Sgaugebulk =
∫
d5x
√− detG
[
− tr
(
1
4
FMNFMN +
1
2ξ
(fgf)
2 + Lgh
)]
, (3.10)
where
√− detG = 1/kz5, z = eky, M,N = 0, 1, 2, 3, 5, tr is a trace over all group
generators for each group. Field strength FMN is defined by
FMN := ∂MAN − ∂NAM − ig[AM , AN ] (3.11)
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with each 5D gauge coupling constant g. For the gauge fixing and ghost terms we take
fgf = z
2
{
ηµνDcµAqν + ξk2zDcz
(1
z
Aqz
)}
,
Lgh = c¯
{
ηµνDcµDν + ξk2zDcz
1
z
Dz
}
c, (3.12)
where µ, ν = 0, 1, 2, 3, ηµν = ηµν = diag(−1, 1, 1, 1), and AM = AcM + AqM . DcMB =
∂MB − ig[AcM , B] and Dc+qM B = ∂MB − ig[AM , B] where B = Aqµ, Aqz/z and c. In the
present paper only Az component of A
SO(5)
M has non-vanishing classical background A
c
z.
Each fermion multiplet Ψ(x, y) in the bulk has its own bulk-mass parameter c. The
covariant derivative is given by
D(c) = γAeAM
(
DM +
1
8
ωMBC [γ
B, γC ]
)
− cσ′(y) ,
DM = ∂M − igSASU(3)M − igAASO(5)M − igBQXAU(1)M . (3.13)
Here σ′(y) := dσ(y)/dy and σ′(y) = k for 0 < y < L. gS, gA, gB are SU(3)C , SO(5)W ,
U(1)X gauge coupling constants. Let Ψ
J collectively denote all fermion fields in the bulk.
Then the action in the bulk becomes
Sfermionbulk =
∫
d5x
√− detG
{∑
J
ΨJD(cJ)ΨJ
−
∑
α
(
mαDΨ
+α
(3,1)Ψ
−α
(3,1) + h.c.
)
−
∑
β
(
mβV Ψ
+β
(1,5)Ψ
−β
(1,5) + h.c.
)}
, (3.14)
where Ψ = iΨ†γ0. mαD and m
β
V are “pseudo-Dirac” bulk mass terms.
In terms of Ψˇ defined by
Ψˇ :=
1
z2
Ψ ,
(
∂z − 2
z
)
Ψ = z2∂zΨˇ , (3.15)
the bulk part of the fermion action becomes
Sfermionbulk =
∫
d4x
∫ zL
1
dz
k
{∑
J
ΨˇJ
[
γµDµ + k
(
γ5Dz − cJ
z
)]
ΨˇJ
−
∑
α
(mαD
z
Ψˇ+α(3,1)Ψˇ
−α
(3,1) + h.c.
)
−
∑
β
(mβV
z
Ψˇ+β(1,5)Ψˇ
−β
(1,5) + h.c.
)}
. (3.16)
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3.3.2 Action for the brane scalar Φ(1,4)
The action for the brane scalar field Φ(1,4)(x) in (1,4) 1
2
is given by
SΦbrane =
∫
d5x
√− detGδ(y)
×
{
− (DµΦ(1,4))†DµΦ(1,4) − λΦ(1,4)
(
Φ†(1,4)Φ(1,4) − |w|2
)2}
, (3.17)
where
DµΦ(1,4) =
{
∂µ − igA
10∑
α=1
AαµT
α − igBQXBµ
}
Φ(1,4) . (3.18)
Here SO(5)W generators {Tα} consist of SU(2)L, SU(2)R generators {T aL , T aR} (a =
1, 2, 3) and SO(5)/SO(4) generators {T pˆ = T p5/√2} (p = 1 ∼ 4). The corresponding
canonically normalized gauge fields are
AaLM =
1√
2
(1
2
abcAbcM + A
a4
M
)
,
AaRM =
1√
2
(1
2
abcAbcM − Aa4M
)
,
ApˆM = A
p5
M . (3.19)
BM represents the U(1)X gauge field.
The brane scalar field Φ(1,4) is decomposed as
Φ(1,4) =
(
Φ[2,1]
Φ[1,2]
)
(3.20)
where [2,1] and [1,2] represent SU(2)L×SU(2)R content. Φ(1,4) develops a nonvanishing
VEV
〈Φ(1,4)〉 =
(
02
v2
)
, v2 =
(
0
w
)
. (3.21)
The nonvanishing VEV breaks SU(3)C × SO(5)× U(1)X to SU(3)C × SU(2)L × U(1)Y .
As shown in Appendix A, one can define the conjugate scalar field Φ˜(1,4) in (1,4)− 1
2
by
Φ˜(1,4) =
(
iσ2Φ∗[2,1]
−iσ2Φ∗[1,2]
)
. (3.22)
Its VEV is given by
〈Φ˜(1,4)〉 =
(
02
v˜2
)
, v˜2 =
(−w∗
0
)
. (3.23)
The combination of the nonvanishing VEV 〈Φ(4,1)(3)〉 on the UV brane (at y = 0) and
the orbifold BCs Pj(j = 0, 1) reduces SU(3)C × SO(5) × U(1)X to the SM gauge group
GSM = SU(3)C × SU(2)L × U(1)Y .
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3.3.3 Action for the brane fermion χα
The action for the gauge-singlet brane fermion χα(x) is
Sχbrane =
∫
d5x
√− detGδ(y)
{
1
2
χαγµ∂µχ
α − 1
2
Mαβχαχβ
}
. (3.24)
χα(x) satisfies the Majorana condition χc = χ;
χ =
(
ξ
η
)
, χc =
(
+ηc
−ξc
)
= eiδC
(
+σ2η∗
−σ2ξ∗
)
. (3.25)
3.3.4 Brane interactions and mass terms for fermions
On the UV brane there can be SU(3)C × SO(5) × U(1)X-invariant brane interactions
among the bulk fermion, brane fermion, and brane scalar fields. We consider
Sintbrane =
∫
d5x
√− detGδ(y)(L1 + L2 + L3) ,
L1 = −
{
καβ Ψα(3,4)Φ(1,4) ·Ψ+β(3,1) + h.c.
}
,
L2 = −
{
κ˜′αβ Ψα(1,4) Γ
a Φ˜(1,4) ·
(
Ψ−β(1,5)
)
a
+ h.c.
}
,
L3 = −
{
κ˜αβ1 χ
βΦ˜†(1,4)Ψ
α
(1,4) + h.c.
}
, (3.26)
where κ’s are coupling constants.
〈Φ(1,4)〉 6= 0 generates mass terms on the UV brane from the interaction in (3.26).
Together with the inherent Majorana masses in (3.24) brane fermion masses are given by
Sfermionbrane mass =
∫
d5x
√− detGδ(y)
(
Lm1 + Lm2 + Lm3 + Lmχ
)
,
Lm1 = 2µαβ1 dˇ ′αR Dˇ+βL + h.c. ,
Lm2 = −µ˜αβ2
{
i2(eˇαLEˇ
−β
R + νˇ
α
LNˇ
−β
R ) +
√
2 νˇ ′αR Sˇ
−β
L
}
+ h.c. ,
Lm3 = −
mαβB√
k
(χβ νˇ ′αR + νˇ
′α
Rχ
β) ,
Lmχ1 = −
1
2
Mαβχαχβ. (3.27)
Here 2µαβ1 =
√
2καβw, 2µ˜αβ2 =
√
2κ˜′αβw, and mαβB = κ˜
αβ
1 w
√
k. µαβ1 and µ˜
αβ
2 are dimen-
sionless, whereas mαβB and M
αβ have dimension of mass.
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3.3.5 Brane mass terms for gauge bosons
〈Φ(1,4)〉 6= 0 also yields additional brane mass terms for the 4D components of the SO(5)×
U(1)X gauge fields. It follows from (3.17) that
Sgaugebrane =
∫
d5x
√− detGδ(y)
×
{
− g
2
A|w|2
4
(
A1Rµ A
1Rµ + A2Rµ A
2Rµ
)− (g2A + g2B)|w|2
4
A
3′R
µ A
3′Rµ
}
, (3.28)
where (
A
3′R
M
BYM
)
=
(
cφ −sφ
sφ cφ
)(
A3RM
BM
)
,
cφ = cosφ =
gA√
g2A + g
2
B
, sφ = sinφ =
gB√
g2A + g
2
B
. (3.29)
The 5D gauge coupling g5DY of U(1)Y is given by
g5DY =
gAgB√
g2A + g
2
B
= gAsφ . (3.30)
A1Rµ , A
2R
µ and A
3′R
µ obtain large brane masses, which effectively change the BCs on the UV
brane for the corresponding fields.
Note that the 4D SU(2)L gauge coupling constant is related to gA by
gw =
gA√
L
. (3.31)
The three 4D SM gauge coupling constants gs, gw, gY of SU(3)C , SU(2)L, U(1)Y at the
mZ scale are αs = g
2
s/4pi = 0.1184 ± 0.0007, αw = g2s/4pi = αEM/ sin2 θW , and αY =
g2Y /4pi = αEM/ cos
2 θW where α
−1
EM = 127.916±0.015 and sin2 θW = 0.23116±0.00013.[39]
In the SU(3)C×SO(5)×U(1)X GHU, the SU(2)R gauge coupling constants are the same
as the SM SU(2)L gauge coupling constants. With the relation (3.30) one finds that
4piL
g2A
= α−1w ' 29.56 ,
4piL
g2B
= α−1Y − α−1w ' 68.78 , (3.32)
at the mZ scale.
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3.4 Higgs boson and the twisted gauge
4D Higgs boson is contained in the (1,2,2) component of A
SO(5)
y as tabulated in Table 1.
In the z coordinate Az = (kz)
−1Ay (1 ≤ z ≤ zL), and
A(j5)z (x, z) =
1√
k
φj(x)uH(z) + · · · ,
uH(z) =
√
2
z2L − 1
z ,
Φ(x) =
1√
2
(
φ2 + iφ1
φ4 − iφ3
)
. (3.33)
Φ(x) corresponds to the doublet Higgs field in the SM.
At the quantum level Φ develops a nonvanishing expectation value. Without loss of
generality we assume 〈φ1〉, 〈φ2〉, 〈φ3〉 = 0 and 〈φ4〉 6= 0, which is related to the Aharonov-
Bohm (AB) phase θH in the fifth dimension. Eigenvalues of
Wˆ = P exp
{
igA
∫ L
−L
dy Ay
}
· P1P0 (3.34)
are gauge invariant. For Ay = (2k)
−1/2φ4(x)vH(y)T (45), where vH(y) = kekyuH(z) for
0 ≤ y ≤ L and vH(−y) = vH(y) = vH(y + 2L), one finds
Wˆ = exp
{
iθˆH(x) · 2T (45)
}
,
θˆH(x) =
gA
2
√
z2L − 1
k
φ4(x) . (3.35)
The eigenvalues of 2T (45) in the spinor representation are ±1, and θˆH(x) is the AB phase.
We denote 〈θˆH〉 = θH . 4D neutral Higgs field H(x) is the fluctuation mode of φ4(x)
around 〈φ4〉. Hence one finds
A(45)z (x, z) =
1√
k
{
θHfH +H(x)
}
uH(z) + · · · ,
fH =
2
gA
√
k
z2L − 1
=
2
gw
√
k
L(z2L − 1)
. (3.36)
Under an SO(5) gauge transformation
Ω(y;α) = exp
{
− i gAα√
2k
∫ L
y
dy vH(y)T
(45)
}
, (3.37)
orbifold boundary conditions {P0, P1} are changed to
P ′0 = Ω(0; 2α)P0 = exp
{
− i α
fH
· 2T (45)
}
· P0 ,
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P ′1 = P1 , (3.38)
and θˆH(x) is transformed to θˆ
′
H(x) = θˆH(x) + (α/fH). For α/fH = 2pin (n: an integer),
the boundary conditions remain unchanged whereas θH changes to θ
′
H = θH + 2pin. This
property reflects the gauge-invariant nature of the AB phase eiθH .
Now we go to a new gauge by adopting α = −θHfH so that 〈θˆ′H〉 = θ′H = 0, which is
called the twisted gauge. It is most convenient to evaluate various physical quantities in
this gauge. The twisted gauge was originally introduced in Refs. [40, 41], and has been
extensively employed in the analysis of GHU. (See, e.g. Refs. [10, 33].) Note that the
gauge transformation in (3.37) becomes, for 0 ≤ y ≤ L,
Ω(z) = Ω(y;−θHfH) = exp
{
iθ(z)T (45)
}
,
θ(z) = θH
z2L − z2
z2L − 1
. (3.39)
Quantities in the twisted gauge are denoted with tildes below. In the twisted gauge the
background field vanishes (θ˜H = 0), whereas the boundary conditions change as (3.38).
For the SO(5) vector representation 5, the boundary condition matrices P˜ vecj (j = 0, 1)
are
P˜
SO(5)
0 = Ω(0)
2P
SO(5)
0 = e
2iθHT
(45)
P
SO(5)
0 , P˜
SO(5)
1 = P
SO(5)
1 . (3.40)
For the SO(5) vector representation 5, the boundary condition matrices P˜ vecj (j = 0, 1)
become
P˜ vec0 =
I3 cos 2θH − sin 2θH
− sin 2θH − cos 2θH
 , P˜ vec1 = (I4 −1
)
, (3.41)
and for the SO(5) spinor representation 4
P˜ sp0 = σ
0 ⊗
(
cos θH −i sin θH
i sin θH − cos θH
)
, P˜ sp1 =
(
I2
−I2
)
. (3.42)
Here T
(45)
sp = 12σ
0 ⊗ σ1 has been used.
4 Spectrum of gauge fields
The spectrum of gauge fields in the present model (Type B) is the same as the spectrum
in the previous model (Type A). We here quote the result for completeness. The bilinear
part of the action of gauge fields in (3.10) takes the form
S ′ =
∫
d4x
dz
kz
∑
j<k
[
1
2
A(jk)µ
{
ηµν
(
+ k2P4
)− (1− ξ−1)∂µ∂ν}A(jk)ν
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Table 4: The boundary conditions for the gauge fields at z = 1, zL are summarized. N and
D stand for Neumann and Dirichlet conditions, respectively. Deff stands for the effective
Dirichlet condition specified in (4.3).
No. of
generators
Aµ Az
(1) SU(3)C 8 (N,N) (D,D)
(2) SU(2)L 3 (N,N) (D,D)
(3) U(1)Y 1 (N,N) (D,D)
(4) (SU(2)R ∪ U(1)X)/U(1)Y 3 (Deff , N) (D,D)
(5) SO(5)W/(SU(2)L ∪ SU(2)R) 4 (D,D) (N,N)
+
1
2
k2A(jk)z
(
+ ξk2Pz
)
A(jk)z + c¯
(jk)
(
+ ξk2P4
)
c(jk)
]
,
 = ηµν∂µ∂ν , P4 = z ∂
∂z
1
z
∂
∂z
, Pz = ∂
∂z
z
∂
∂z
1
z
. (4.1)
Additional brane mass terms in (3.28) arise for theAµ components of (SU(2)R×U(1)X)/U(1)Y .
Boundary conditions in the original gauge are given, in the absence of brane interac-
tions, by 
N :
∂
∂z
Aµ = 0 for parity +
D : Aµ = 0 for parity −
N :
∂
∂z
(1
z
Az
)
= 0 for parity +
D : Az = 0 for parity −
(4.2)
at z = 1 (y = 0) and z = zL (y = L). Parity of each field is summarized in Table 1.
Because of the brane interaction (3.28) boundary conditions of A
1R,2R,3
′
R
µ at z = 1 become
Deff(ω) :
( ∂
∂z
− ω
)
A1R,2Rµ = 0 , ω =
g2Aw
2
4k
,
Deff(ω
′) :
( ∂
∂z
− ω′
)
A
3′R
µ = 0 , ω
′ =
(g2A + g
2
B)w
2
4k
. (4.3)
For sufficiently large w, boundary conditions of A
1R,2R,3
′
R
µ at z = 1 are modified from the
Neunmann condition to the Dirichlet condition for low-lying modes in their KK towers.
Boundary conditions of gauge fields are summarized in Table 4.
In the twisted gauge all fields obey free equations in the bulk 1 < z < zL, whereas
boundary conditions at z = 1 become θH-dependent and nontrivial. SO(5) gauge fields in
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Table 5: Wave functions of the gauge fields in the twisted gauge. N and D stand for
Neumann and Dirichlet conditions at z = zL. The basis functions C(z;λ) and S(z;λ) are
given in Appendix B.
BC at z = zL N D
A˜µ C(z;λ) S(z;λ)
A˜z S
′(z;λ) C ′(z;λ)
the twisted gauge are given by A˜M = Ω(z)AMΩ(z)
−1 + (i/gA)Ω(z)∂MΩ(z)−1 where Ω(z)
is given by (3.39). In particular one finds that
Aa4M = cos θ(z)A˜
a4
M − sin θ(z)A˜a5M , (a = 1, 2, 3),
Aa5M = sin θ(z)A˜
a4
M + cos θ(z)A˜
a5
M ,
A45z = A˜
45
z −
√
2
gA
θ′(z) = A˜45z +
2
√
2
gA
θH
z
z2L − 1
, (4.4)
while the other components are unchanged.
At z = zL, θ(zL) = 0, and A˜M satisfies the same boundary condition as AM at z = zL.
Consequently wave functions for A˜µ and A˜z are given by the functions tabulated in Table
5. The basis functions C(z;λ) and S(z;λ) there are defined in e.g., Refs. [10] and [33],
and are listed in Appendix B.
4.1 Aµ components
The mass spectra of Aµ components are the following.
(i) (A˜aLµ , A˜
aR
µ , A˜
aˆ
µ) (a = 1, 2): W and WR towers
The boundary conditions at z = 1 are
∂
∂z
AaLµ = 0 ,
( ∂
∂z
− ω
)
AaRµ = 0 , A
aˆ
µ = 0 . (4.5)
∂AaRµ /∂z is evaluated at z = 1
+. These conditions with (4.4) lead to the equation which
determine the mass spectrum {mn = kλn}:
2C ′(SC ′ + λ sin2 θH)− ωC(2SC ′ + λ sin2 θH) = 0 . (4.6)
Here C = C(1;λ), S = S(1;λ), C ′ = C ′(1;λ), and S ′ = S ′(1;λ).
For sufficiently large ω, the second term in Eq. (4.6) approximately determines the
spectra of low-lying KK modes. This approximation is justified for w  mKK. In this
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approximation the spectra of W and WR towers are determined by
W tower: 2S(1;λ)C ′(1;λ) + λ sin2 θH = 0 ,
WR tower: C(1;λ) = 0 . (4.7)
It follows that the mass of W boson mW = mW (0) is given by
mW '
√
k
L
z−1L sin θH '
sin θH
pi
√
kL
mKK, (4.8)
where mKK = pik/(zL − 1) ' pikz−1L .
(ii) (A˜3Lµ , A˜
3′R
µ , A˜3ˆµ, B
Y
µ ): γ, Z and ZR towers
The boundary conditions at z = 1 are
∂
∂z
A3Lµ = 0 ,
( ∂
∂z
− ω′
)
A
3′R
µ = 0 , A
3ˆ
µ = 0 ,
∂
∂z
BYµ = 0 . (4.9)
The spectrum is determined by
C ′
[
2C ′(SC ′ + λ sin2 θH)− ω′C
{
2SC ′ + (1 + s2φ)λ sin
2 θH
}]
= 0 . (4.10)
For sufficiently large ω′, the spectrum of low-lying KK modes is approximately determined
by the second term. One finds that
γ tower: C ′(1;λ) = 0 ,
Z tower: 2S(1;λ)C ′(1;λ) + (1 + s2φ)λ sin
2 θH = 0 ,
ZR tower: C(1;λ) = 0 . (4.11)
The mass of theZ boson mZ = mZ(0) is given by
mZ '
√
1 + s2φ
√
k
L
z−1L sin θH '
√
1 + s2φ
sin θH
pi
√
kL
mKK . (4.12)
We recall the relation[12]
1√
1 + s2φ
' cos θW , sin θW ' g
′
B√
g2A + 2g
′2
B
. (4.13)
It follows from (4.8) and (4.12) that
mZ ' mW
cos θW
, (4.14)
which coincides with the relation in the SM.
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(iii) A˜4ˆµ: A
4ˆ tower
A4ˆµ obeys (D,D) boundary condition and there is no zero mode. Its spectrum is
determined by
Aˆ4 tower: S(1;λ) = 0. (4.15)
(iv) SU(3)C gluons
The boundary condition is (N,N) so that
gluon tower: C ′(1;λ) = 0. (4.16)
4.2 Az components
The mass spectra of Az components are the following. Except for the zero modes, masses
are given by {mn = ξkλn}.
(i) Aabz (1 ≤ a < b ≤ 3), Bz
These components satisfy boundary conditions (D,D) so that
C ′(1;λ) = 0. (4.17)
(ii) Aa4z , A
a5
z (a = 1, 2, 3)
The boundary conditions at z = 1 are
Aa4z = 0 ,
∂
∂z
(1
z
Aa5z
)
= 0 . (4.18)
The spectrum is determined by
S(1;λ)C ′(1;λ) + λ sin2 θH = 0 . (4.19)
(iii) A45z : Higgs tower
The boundary conditions of A45z is (N,N) and the spectrum is determined by
Higgs tower: S(1;λ) = 0. (4.20)
There is a zero mode, which will acquire a mass at the 1-loop level.
(iv) SU(3)C Az
There are no zero modes. Their components satisfy boundary conditions (D,D). The
mass spectrum is determined by
C ′(1;λ) = 0. (4.21)
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5 Spectrum of fermion fields
We determine the mass spectra of fermion fields. It will be seen that the mass spectrum
of quarks and leptons in three generations is reproduced except for the down quark mass
which turns out smaller than the up quark mass (md < mu). To evaluate the effective
potential Veff(θH) for the AB phase θH one needs to know the mass spectra of the dark
fermion fields in (3.7) and (3.8) as well. We summarize the result for dark fermions in
Appendix D for completeness.
In the original gauge the background gauge field in SO(5) is
gAclz =
gA√
2
A(45)z T
45 = −θ′(z)T 45 (5.1)
where θ(z) is defined in (3.39). We introduce the following derivatives
D±(c) = ± ∂
∂z
+
c
z
, Dˆ±(c) = D±(c)± iθ′(z)T 45 . (5.2)
To simplify the notation the bulk mass parameters of various fields are denoted as
cQ = cΨα
(3,4)
, cL = cΨα
(1,4)
, cD± = cΨ±α
(3,1)
, cV ± = cΨ±β
(1,5)
. (5.3)
We have suppressed generation indices α, β. In this paper we consider the cases cD+ = ±cD−
and cV + = ±cV − , for which exact solutions are available.
The components of SO(5) spinor fermions Ψ(3,4) and Ψ(1,4) in the original and twisted
gauges are related to each other by
χ =
(
cos 1
2
θ(z) −i sin 1
2
θ(z)
−i sin 1
2
θ(z) cos 1
2
θ(z)
)
χ˜ , (5.4)
where χ is given by
χ =
(
u
u′
)
,
(
d
d′
)
,
(
e
e′
)
,
(
ν
ν ′
)
. (5.5)
T 45 = 1
2
σ1 for these χ’s.
5.1 Up-type quarks
QEM = +
2
3
: u, u′ (Ψ(3,4))
There are no brane mass terms. The boundary conditions are given by D+uˇL = 0,
uˇR = 0, uˇ
′
L = 0, and D−uˇ
′
R = 0 at z = 1, zL. The equations of motion in the twisted
gauge are
−iδ
(
u†L
u′†L
)
:− kD−(cQ)
(
˜ˇuR
˜ˇu′R
)
+ σµ∂µ
(
˜ˇuL
˜ˇu′L
)
= 0 ,
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iδ
(
u†R
u′†R
)
:− kD+(cQ)
(
˜ˇuL
˜ˇu′L
)
+ σ¯µ∂µ
(
˜ˇuR
˜ˇu′R
)
= 0 . (5.6)
(˜ˇu, ˜ˇu′) satisfy the same boundary conditions at z = zL as (uˇ, uˇ′) so that one can write, in
terms of basis functions summarized in Appendix B, as(
˜ˇuR
˜ˇu′R
)
=
(
αuS
Q
R
αu′C
Q
R
)
fR(x) ,
(
˜ˇuL
˜ˇu′L
)
=
(
αuC
Q
L
αu′S
Q
L
)
fL(x) (5.7)
where CQL/R = CL/R(z, λ, cQ), S
Q
L/R = SL/R(z, λ, cQ), σ¯∂fR(x) = kλfL(x) and σ∂fL(x) =
kλfR(x). Both right- and left-handed modes have the same coefficients αu and αu′ as a
consequence of the equations (5.6).
By making use of (5.4) the boundary conditions at z = 1 for the right-handed compo-
nents uˇR = 0 and D−uˇ′R = 0 become
Ku
(
αu
αu′
)
=
(
cos 1
2
θHS
Q
R −i sin 12θHCQR
−i sin 1
2
θHC
Q
L cos
1
2
θHS
Q
L
)(
αu
αu′
)
= 0 . (5.8)
Here SQL/R = SL/R(1, λ, cQ) etc.. detKu = 0 leads to the equation determining the spec-
trum;
SQLS
Q
R + sin
2 θH
2
= 0 . (5.9)
The mass of the lowest mode (up-type quark) m = kλ is given by
mu =

pi−1
√
1− 4c2Q sin 12θH mKK for |cQ| < 12 ,
pi−1
√
4c2Q − 1 z−|cQ|+0.5L sin 12θH mKK for |cQ| > 12 .
(5.10)
Note that SL(z;λ,−c) = −SR(z;λ, c), CL(z;λ,−c) = CR(z;λ, c). With given mu, there
are two solutions to (5.9); cQ > 0 and cQ < 0.
5.2 Down-type quarks
QEM = −13 : d, d′, D± (Ψ(3,4),Ψ±(3,1))
As seen from Table 3, parity even modes at y = 0 with (P0, P1) = (+,+) are dL, d
′
R,
D+L , and D
−
R . From the action (3.16) and the Lm1 term in (3.27), the equations of motion
in the original gauge are given by
(a)
(b)
: −iδ
(
d†L
d′†L
)
: − kDˆ−(cQ)
(
dˇR
dˇ′R
)
+ σµ∂µ
(
dˇL
dˇ′L
)
= 0 ,
(c)
(d)
: iδ
(
d†R
d′†R
)
: σµ∂µ
(
dˇR
dˇ′R
)
− kDˆ+(cQ)
(
dˇL
dˇ′L
)
= 2µ1δ(y)
(
0
Dˇ+L
)
,
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(e) : −iδD+†L : − kDˆ−(cD+)Dˇ+R + σµ∂µDˇ+L −
m∗D
z
Dˇ−R = 2µ
∗
1δ(y)dˇ
′
R ,
(f) : iδD+†R : σ
µ∂µDˇ
+
R − kDˆ+(cD+)Dˇ+L −
mD
z
Dˇ−L = 0 ,
(g) : −iδD−†L : − kDˆ−(cD−)Dˇ−R + σµ∂µDˇ−L −
m∗D
z
Dˇ+R = 0 ,
(h) : iδD−†R : σ
µ∂µDˇ
−
R − kDˆ+(cD−)Dˇ−L −
mD
z
Dˇ+L = 0 . (5.11)
Note that the mass dimension of each coupling constant and field is e.g., [dˇR/L] = 2,
[k] = [mD] = 1 and [µ1] = 0.
The following arguments are parallel to those in Ref. [33]. Under the parity transfor-
mation around y = 0, Ψ+ = dL, d
′
R, D
+
L , D
−
R are parity even whereas Ψ− = dR, d
′
L, D
+
R , D
−
L
are parity odd. Note that Ψ−(y)
∣∣+
− = 2Ψ−(+) and
D±(c) =
e−σ(y)
k
{
± ∂
∂y
+ cσ′(y)
}
(5.12)
in the y coordinate. We integrate the equations for parity odd fields, (a), (d), (e), (h) in
(5.11), from y = − to + to find
(a) ⇒ dˇR() = 0 ,
(d) ⇒ − 2dˇ′L()− 2µ1Dˇ+L (0) = 0 ,
(e) ⇒ 2Dˇ+R()− 2µ∗1dˇ′R(0) = 0 ,
(h) ⇒ Dˇ−L () = 0 . (5.13)
For parity-even fields, we evaluate the equations at y = + by using the relations (5.13).
(c) ⇒ Dˆ+(cQ)dˇL = 0 ,
(b) ⇒ µ1
[
Dˆ−(cD+)Dˇ+R + m˜
∗
DDˇ
−
R
]
+ Dˆ−(cQ)dˇ′R = 0 ,
(f) ⇒ µ∗1Dˆ+(cQ)dˇ′L − Dˆ+(cD+)Dˇ+L = 0 ,
(g) ⇒ Dˆ−(cD−)Dˇ−R + m˜∗Dµ∗1dˇ′R = 0 , (5.14)
where the equations of motion (e) and (d) at y = + have been made use of. Relations
(5.13) and (5.14) specify the boundary conditions at z = 1+. We examine the spectrum
in two cases, cD+ = cD− and cD+ = −cD− below.
Case I: cD+ = cD− = cD
The BCs at z = zL are given by
dR = 0,
D+(cQ)dL = 0,
D−(cQ)d′R = 0,
d′L = 0,

D+R = 0,
D+(cD)D
+
L = 0,
D−(cD)D−R = 0,
D−L = 0.
(5.15)
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In the twisted gauge, the BCs in (5.15) are satisfied by mode functions in (B.6) and (B.23)
so that one can write as
˜ˇdR˜ˇd′R˜ˇD+R˜ˇD−R
 =

αdSR(z;λ, cQ)
αd′CR(z;λ, cQ)
adSR2(z;λ, cD, m˜D) + bdSR1(z;λ, cD, m˜D)
adCR1(z;λ, cD, m˜D) + bdCR2(z;λ, cD, m˜D)
 ,

˜ˇdL˜ˇd′L˜ˇD+L˜ˇD−L
 =

αdCL(z;λ, cQ)
αd′SL(z;λ, cQ)
adCL2(z;λ, cD, m˜D) + bdCL1(z;λ, cD, m˜D)
adSL1(z;λ, cD, m˜D) + bdSL2(z;λ, cD, m˜D)
 , (5.16)
where αd, αd′ , ad, bd are parameters.
Boundary conditions at z = 1+ for the left-handed fields dˇL, dˇ
′
L, Dˇ
+
L , Dˇ
−
L are found
from Eqs. (5.13) and (5.14) to be
(c) : λ
(
cos
θH
2
αdS
Q
R − i sin
θH
2
αd′C
Q
R
)
= 0 ,
(d) : − i sin θ
2
αdC
Q
L + cos
θ
2
αd′S
Q
L + µ1
(
adCDL2 + bdCDL1
)
= 0 ,
(f) : λµ∗1
(
− i sin θH
2
αdS
Q
R + cos
θH
2
αd′C
Q
R
)
− λ (adSDR2 + bdSDR1)+ m˜D (adSDL1 + bdSDL2) = 0 ,
(h) : adSDL1 + bdSDL2 = 0 , (5.17)
where SQL/R := SL/R(z = 1;λ, cQ), SDL/Rj := SL/Rj(z = 1;λ, cD, m˜D) etc.. Conditions in
(5.17) are summarized as
MDLV D =

cos θH
2
SQR −i sin θH2 CQR 0 0
−i sin θH
2
CQL cos
θH
2
SQL µ1CDL2 µ1CDL1
−iµ∗1 sin θH2 SQR µ∗1 cos θH2 CQR −SDR2 −SDR1
0 0 SDL1 SDL2


αd
αd′
ad
bd
 = 0 . (5.18)
The mass spectrum is determined by
detMDL =
(
SQLS
Q
R + sin
2 θH
2
)(SDL1SDR1 − SDL2SDR2)
+ |µ1|2CQRSQR
(SDL1CDL1 − SDL2CDL2) = 0 . (5.19)
Note the relations (B.21).
To lift the degeneracy between the up-type and down-type quark masses, the µ1 term
in (5.19) is necessary. Its coefficient contains the factor CQR = CR(1;λ, cQ). For the first
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and second generations |cQ| = |cu|, |cc| > 12 . For λzL  1, CR(1;λ, c) ∼ z−cL  1 for c > 12
and CR(1;λ, c)  1 for c < −12 . The detailed study shows that with c > 12 Eq. (5.19)
necesarrily yields the first KK mode with a mass much less than mKK, which contradicts
with observation. One needs to take cu, cc < 0. For the third generation |ct| < 12 , and this
problem does not show up.
Consider Case I, cD+ = cD− = cD > 0, with m˜D > 1/2 and cD − m˜D > 1/2. The
up-type quark mass mu for |cQ| > 12 is approximately given by
mu = λuzL '
√
4c2Q − 1z
−|cQ|+ 12
L sin
θH
2
(5.20)
from Eq. (5.9). Substituting
SQLS
Q
R + sin
2 θH
2
' −λ
2z
2|cQ|+1
L
4c2Q − 1
+ sin2
θH
2
' −(λ
2 − λ2u)z2|cQ|+1L
4c2Q − 1
,
SQL1SQR1 − SQL2SQR2 ' z2m˜DL − λ2z2cD+1L
(
1
4c2D − (2m˜D + 1)2
+
1
4c2D − (2m˜D − 1)2
)
,
CQRS
Q
R '

λ
2cQ − 1 for cQ > 0,
λz
2|cQ|+1
L
2|cQ|+ 1 for cQ < 0,
SQL1CQL1 − SQL2CQL2 ' −2λz2cD+1L
(
1
2(cD + m˜D) + 1
+
1
2(cD − m˜D) + 1
)
, (5.21)
into MDL in Eq. (5.19), we find
detMDL =−
(λ2 − λ2u)z2|cQ|+1L
4c2Q − 1
(
z2m˜DL − λ2z2cD+1L A
)
+ |µ1|2

1
2cQ − 1
z
2|cQ|+1
L
2|cQ|+ 1

(−2λ2z2cD+1L )B = 0 for
{
cQ > 0
cQ < 0
, (5.22)
where
A =
1
4c2D − (2m˜D + 1)2
+
1
4c2D − (2m˜D − 1)2
> 0 , (5.23)
B =
1
2(cD + m˜D) + 1
+
1
2(cD − m˜D) + 1 > 0 . (5.24)
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Both A and B are O(1). If z2m˜DL  λ2z2cD+1L , then it follows from (5.22) that
λ2 '

λ2u
1 + 2|µ1|2(2cQ + 1)z−2cQ+2cD−2m˜DL B
< λ2u for cQ >
1
2
,
λ2u
1 + 2|µ1|2(2|cQ| − 1)z2cD−2m˜D+1L B
< λ2u for cQ < −12 .
(5.25)
In other words the spectrum for the second generation ms < mc can be reproduced with
appropriate µ1, cQ and m˜D.
Indeed, one can show that the smallest value of λ2 determined from Eq. (5.19) nec-
essarily becomes smaller than λ2u with general µ1 6= 0, cQ and m˜D. For λzL  1, Eq.
(5.19) reduces to the form (λ2 − λ2u)(λ2 − a) − b|µ1|2λ2 = 0 where a  λ2u and b > 0.
Consequently the two roots λ2 = λ2± satisfy λ
2
− < λ
2
u and λ
2
+ > a. This implies that the
spectrum md > mu cannot be realized at the tree level in the current scheme. It is left
for future investigation to find a solution to this problem.
Typical values of the parameters reproducing the quark mass spectrum (except for
md) are tabulated in Table 6. detMDL in Eq. (5.19) for the second generation is plotted
as a function of λ for m˜D = 1.0 and various values of µ1 in Figure 1.
Table 6: Parameters which reproduce the spectrum of quarks for θH = 0.15, zL = 10
10.
mKK = 8.062 TeV. The masses of the 1st KK modes of up-type and down-type quarks
are also shown. cu, cc < 0 for the reason described below Eq. (5.19). The values mu =
1.27 MeV, ms = 55 MeV, mc = 619 MeV, mb = 2.89 GeV, and mt = 171.17 GeV have
been used. md = 0.9mu has been used for the first generation.
Quarks cQ µ1 cD m˜D md(1) mu(1)
(TeV) (TeV)
(u, d) −1.044 0.01 0.6194 1.0 4.59 8.23
0.1 0.4612 1.0 4.80
(c, s) −0.7546 0.1 0.6808 1.0 5.40 7.16
10. 0.0949 1.0 5.22
(t, b) +0.2287 0.1 0.5838 0.1 2.84 7.20
10. 0.3791 0.1 2.84
−0.2287 0.1 1.044 1.0 5.06
10. 0.8352 1.0 5.06
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Figure 1: Spectrum of strange quark tower. detMDL in Eq. (5.19) is plotted as a function
of m = kλ for m˜D = 1.0 and various values of µ1. The mass spectrum {mn = kλn} is
determined by roots of detMDL = 0. mKK = 8062 GeV.
Case II: cD+ = −cD− = cD
The BCs at z = zL are given by
dR = 0,
D+(cQ)dL = 0,
D−(cQ)d′R = 0,
d′L = 0,

D+R = 0,
D+(cD)D
+
L = 0,
D+(cD)D
−
R = 0,
D−L = 0.
(5.26)
In the twisted gauge, the BCs in Eq. (5.26) are satisfied by mode functions in (B.6) and
(B.46) so that one can write as
˜ˇdR˜ˇd′R˜ˇD+R˜ˇD−R
 =

αdSR(z;λ, cQ)
αd′CR(z;λ, cQ)
adSˆR2(z;λ, cD, m˜D) + bdSˆR1(z;λ, cD, m˜D)
adCˆL1(z;λ, cD, m˜D) + bdCˆL2(z;λ, cD, m˜D)
 ,

˜ˇdL˜ˇd′L˜ˇD+L˜ˇD−L
 =

αdCL(z;λ, cQ)
αd′SL(z;λ, cQ)
adCˆL2(z;λ, cD, m˜D) + bdCˆL1(z;λ, cD, m˜D)
−adSˆR1(z;λ, cD, m˜D)− bdSˆR2(z;λ, cD, m˜D)
 , (5.27)
where αd, αd′ , ad, bd are parameters.
From Eqs. (5.13) and (5.14), we find the boundary conditions at z = 1 for the left-
handed fields. The manipulation is similar to that in Case I. The difference appears only
for terms involving D−L/R. It is straightforward to see
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MDL V D =

cos θH
2
SQR −i sin θH2 CQR 0 0
−i sin θH
2
CQL cos
θH
2
SQL µ1CˆDL2 µ1CˆDL1
−iµ∗1 sin θH2 SQR µ∗1 cos θH2 CQR −SˆDR2 −SˆDR1
0 0 SˆDR1 SˆDR2


αd
αd′
ad
bd
 = 0 (5.28)
where SQL/R := SL/R(z = 1;λ, cQ), SˆDL/Rj = SˆL/Rj(z = 1;λ, cD, m˜D) etc.. The spectrum is
determined by
detMDL =
(
SQLS
Q
R + sin
2 θH
2
){
(SˆDR1)2 − (SˆDR2)2
}
+ |µ1|2CQRSQR (SˆDR1CˆDL1 − SˆDR2CˆDL2) = 0 . (5.29)
Note the relation (B.35).
For |cQ|, cˆ > 12 , cD > 0 and λzL  1, we have
SQLS
Q
R + sin
2 θH
2
' −(λ
2 − λ2u)z2|cQ|+1L
4c2Q − 1
,
(SˆDR1)2 − (SˆDL2)2 ∼ −α2+z2cˆL ,
SˆDR1CDL1 − SˆDR2CDL2 ∼ (1 + α2+)
λz2cˆL
2cˆ− 1 , (5.30)
so that
detMDL ' −
(λ2 − λ2u)z2|cQ|+1L
4c2Q − 1
· (−α2+z2cˆL )
+ |µ1|2

1
2cQ − 1
z
2|cQ|+1
L
2|cQ|+ 1
 (1 + α
2
+)
λ2z2cˆL
2cˆ+ 1
= 0 for
{
cQ >
1
2
cQ < −12
. (5.31)
Thus we find
λ2
[
1 +
|µ1|2
2cˆ− 1
{
(2cQ + 1)z
−2|cQ|−1
L
2|cQ| − 1
}
1 + α2+
α2+
]
= λ2u for
{
cQ >
1
2
cQ < −12
. (5.32)
We observe that λ2 < λ2u so that md > mu cannot be realized with this parametrization,
as in Case I.
5.3 Charged lepton
QEM = −1: e, e′ (Ψ(1,4))
27
In general Ψ(1,4) may couple with Ψ
±
(1,5) through the brane interaction Lm2 in (3.27).
We suppose that µ˜2 there is sufficiently small so that the effect of Lm2 can be ignored. In
this case the equations and boundary conditions for e, e′ take the same form as those for
u, u′. Mode functions and boundary conditions are summarized as(
˜ˇeR
˜ˇe′R
)
=
(
αeSR(z, λ, cL)
αe′CR(z, λ, cL)
)
,(
˜ˇeL
˜ˇe′L
)
=
(
αeCL(z, λ, cL)
αe′SL(z, λ, cL)
)
,(
cos 1
2
θHS
L
R −i sin 12θHCLR−i sin 1
2
θHC
L
L cos
1
2
θHS
L
L
)(
αe
αe′
)
= 0 , (5.33)
where SLL/R = SL/R(1, λ, cL) etc. in the last equation. The mass spectrum is determined
by
SLLS
L
R + sin
2 θH
2
= 0 . (5.34)
The mass of the lowest mode (charged lepton) m = kλ is given by
me = pi
−1
√
4c2L − 1 z−|cL|+0.5L sin 12θH mKK . (5.35)
Note |cL| > 12 .
5.4 Neutrino
QEM = 0: ν, ν
′, χ (Ψ(1,4)(−3), χ)
As mentioned above, we assume that Lm2 can be ignored. The brane interaction L3
in (3.26) yields the coupling between ν ′ and χ, Lm3 in (3.27). It leads to the gauge-
Higgs seesaw mechanism.[35] In the present paper we treat the case in which all brane
interactions are diagonal in generations. In particular we set Mαβ = −Mαδαβ in (3.27).
Equations of motion are given by
(a)
(b)
: −iδ
(
ν†L
ν ′†L
)
: − kDˆ−(cL)
(
νˇR
νˇ ′R
)
+ σµ∂µ
(
νˇL
νˇ ′L
)
= 0 ,
(c)
(d)
: iδ
(
ν†R
ν ′†R
)
: σµ∂µ
(
νˇR
νˇ ′R
)
− kDˆ+(cL)
(
νˇL
νˇ ′L
)
=
2mB√
k
δ(y)
(
0
η
)
,
(e) : iδη† :
{
σµ∂µη − mB√
k
ν ′R +Mη
c
}
δ(y) = 0 . (5.36)
νR and ν
′
L are parity-odd at y = 0, whereas νL and ν
′
R are parity-even. We integrate the
equations (a), (d) in the vicinity of y = 0 and evaluate the equations (b), (c) at y = +
to find boundary conditions at y = + as
(a) ⇒ νˇR(x, ) = 0 ,
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(d) ⇒ − νˇ ′L(x, ) = +
mB√
k
η(x) ,
(b) ⇒ − Dˆ−(cL)νˇ ′R −
m2B
k2
νˇ ′R +
mBM
k3/2
ηc = 0 ,
(c) ⇒ Dˆ+(cL)νˇL = 0 . (5.37)
Boundary conditions at z = zL are given by D+(cL)νˇL = νˇR = 0 and νˇ
′
L = D−(cL)νˇ
′
R = 0.
Mode functions of these fields in the twisted gauge can be written as˜ˇνR˜ˇν ′R
ηc
 =
 ανSLRiαν′CLR
∓iα∗η/
√
k
 f±R(x) ,
˜ˇνL˜ˇν ′L
η
 =
 ανCLLiαν′SLL
iαη/
√
k
 f±L(x) ,
σ¯µ∂µf±R(x) = kλf±L(x) , σµ∂µf±L(x) = kλf±R(x) ,
f±L(x)c = eiδCσ2f±L(x)∗ = ±f±R(x) (5.38)
where SLL/R = SL/R(z;λ, cL) and C
L
L/R = CL/R(z;λ, cL), and δC is defined in Eq. (3.25).
Explicit forms of f±L/R are given in Appendix C. One can take αν , αν′ , αη to be real. In
this case σµ∂µη = ∓kληc is satisfied so that the equation (e) in Eq. (5.36) implies that
mB√
k
νˇ ′R
∣∣∣
y=0
− (M ∓ kλ)ηc = 0 . (5.39)
With this identity the third relation in Eq. (5.37) can be rewritten as
Dˆ−(cL)νˇ ′R ∓
mBλ√
k
ηc = 0 . (5.40)
Substituting (5.38) into (5.37), one finds
Kν
αναν′
αη
 =

cos θH
2
SLR sin
θH
2
CLR 0
− sin θH
2
CLL cos
θH
2
SLL
mB
k
mB sin
θH
2
SLR −mB cos θH2 CLR kλ∓M

αναν′
αη
 = 0 (5.41)
where SLL/R = SL/R(1;λ, cL) etc.. From detKν = 0, we find the mass spectrum formula
for the neutrino sector:1
detKν = (kλ±M)
{
SLLS
L
R + sin
2 θH
2
}
+
m2B
k
SLRC
L
R = 0 . (5.42)
One of the solutions with f+R/L(x) or f−R/L(x) allows a small mass eigenvalue mν =
kλν > 0. For M > 0, the neutrino mode is obtained with f+R/L(x). Noting λzL  1 and
1There was an error of a factor 2 in the right side of Eq. (d) in (5.36) in the previous papers [35, 36].
The formulas (5.42), (5.43) reflect this correction.
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kλM , one finds the neutrino mass given by
mν '

m2eMz
2cL+1
L
(2cL + 1)m
2
B
for cL >
1
2
,
m2eM
(2|cL| − 1)m2B
for cL < −12 .
(5.43)
The gauge-Higgs seesaw mechanism[35, 42, 43] is characterized by a 3× 3 mass matrix
i
2
(νc†0L, ν
′†
0R, η
c†)
 0 me 0me 0 m˜B
0 m˜B M
ν0Lν ′c0R
η
+ h.c. , (5.44)
where me is its corresponding charged lepton mass. The structure takes the same form
as the inverse seesaw mechanism in Ref. [43], and yields very light neutrino mass mν ∼
m2eM/m˜
2
B. The Majorana mass M may take a moderate value. In particular, for cL < −12 ,
mν ∼ 1 meV is obtained with mB ∼ 1 TeV and M ∼ 50 GeV. For cL > 12 , mB has to take
a rather large value, larger than the Planck mass.
Table 7: Parameters which reproduce the spectrum of leptons for θH = 0.15, zL = 10
10.
mKK = 8.062 TeV. The masses of the 1st KK modes leptons are also shown in the unit
of TeV. For cL > 0, there appear light neutrino excitation modes, νs. The values me =
0.511 MeV, mµ = 105.7 MeV, mτ = 1.776 GeV, and mν = 1 meV have been used.
Leptons cL M mB mνs mν(1) me(1)
(GeV) (GeV) (TeV) (TeV)
(νe, e) 1.086 10
3 6.6× 1019 6.8 MeV 8.38 8.38
1 2.1× 1018 6.8 MeV 8.38 8.38
−1.086 103 1.5× 104 – 8.38 8.38
1 4.7× 102 – 0.51 8.38
(νµ, µ) 0.839 10
3 5.0× 1019 1.4 GeV 7.47 7.47
−0.839 103 1.2× 107 – 7.47 7.47
(ντ , τ) 0.703 10
3 3.9× 1019 24.GeV 6.96 6.96
−0.703 103 8.8× 108 – 6.96 6.96
Typical parameters in the lepton sector are summarized in Table 7. |cL| and me(1) are
fixed by me. The value of M can be varied. The spectrum does not depend on M very
much. As is seen in the table, very light neutrino excited mode νs appears for positive
cL. This does not necessarily mean the inconsistency with the observation. The νs mode
may become a candidate for warm dark matter,[44] though more detailed investigation
of gauge couplings is necessary to see the feasibility. For negative cL very light neutrino
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excited mode appears only when M becomes very small. The spectrum of the neutrino
towers are shown in fig. 2 for cL > 0 and in fig. 3 for cL < 0.
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Figure 2: Spectrum of electron neutrino tower for ce > 0. detKν in (5.42) is plotted as
a function of m = kλ in various mass ranges for θH = 0.15, zL = 10
10, mKK = 8.062 TeV
and M = 1 TeV. The mass spectrum {mn = kλn} is determined by roots of detKν = 0.
νe(±) indicates the case of f±L/R(x) in (5.38). Only νe(+) has a solution corresponding
to νe with mνe = 1 meV. In (b) and (c) the curves for νe(+) and νe(−) almost overlap
with each other at this scale.
5.5 W couplings of quarks and leptons
As have been shown above, the quark and lepton mass spectrum can be reproduced except
that the down quark mass turns out lighter than the up quark mass. At this stage one
might worry about the W couplings of quarks and leptons in the current scheme. In the
gauge-Higgs unification the W boson at θH 6= 0 necessarily contains the original SU(2)R
component as seen in Section 4.1. If quarks and leptons originated from only spinor
representation multiplets in SO(5), right-handed components of quarks and leptons also
would have had non-vanishing couplings to W , which contradicts with the observation.
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Figure 3: Spectrum of neutrino towers for cL < 0. As in Fig. 2, detKν in (5.42) is plotted
as a function of m = kλ in two mass ranges for θH = 0.15, zL = 10
10, mKK = 8.062 TeV
and M = 1 TeV. The mass spectrum {mn = kλn} is determined by roots of detKν = 0.
(a) Only νe(+) has a solution corresponding to νe with mνe = 1 meV. (b) The spectrum
of νe, νµ, ντ towers are shown. ν(+) and ν(−) towers almost overlap in this figure. For
the νe tower the masses of the 3rd and 4th KK modes are 16.46 TeV and 16.67 TeV,
respectively.
The left-handed quark and lepton doublets are mainly in the spinor representation of
SO(5), which have nominal W couplings. The mechanism in the current model for making
right-handed quarks and leptons having almost vanishing W couplings is the following.
The up-type quarks are contained solely in the spinor multiplets. The down-type quarks
are contained in both of the spinor and singlet representations of SO(5). Left-handed
down-type quarks are mostly in the spinor representation multiplets, whereas right-handed
down-type quarks are mostly in the singlet representation multiplets so that right-handed
up-type quarks have almost vanishing W couplings to right-handed down-type quarks.
The mechanism in the lepton sector is different. With the presence of brane fermions
χ, the gauge-Higgs seesaw mechanism functions in the neutrino sector. Right-handed neu-
trinos become heavy, acquiring O(mKK) masses, and decouple from right-handed charged
leptons.
Indeed, one can evaluate the W couplings of quarks and leptons by determining wave
functions of quarks and leptons from the mass-determining matrices explained above and
inserting them to the original action. The result is shown in Table 8. It is seen that the µ-e
universality in the charged current interactions holds to high accuracy, provided the same
sign of cL is adopted. It is also confirmed that the W couplings of right-handed quarks
and leptons are strongly suppressed. More detailed study of gauge couplings, including
Z and Z ′ couplings, will be given separately.
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Table 8: W couplings of quarks and leptons for θH = 0.15, zL = 10
10. mKK = 8.062 TeV.
The couplings are defined by L = Wµ
(
gWL u¯Lγ
µdL + g
W
R u¯Rγ
µdR) for (u, d) doublet. In the
SM gWL = gw/
√
2 and gWR = 0. For (u, d) doublet, we set md = 0.9mu.
Leptons cL M
gWL
gw/
√
2
− 1 g
W
R
gw/
√
2
(νe, e) 1.086 1 TeV −2.64× 10−3 O(10−11)
−1.086 1 TeV −5.24× 10−3 O(10−23)
(νµ, µ) 0.839 1 TeV −2.64× 10−3 O(10−14)
−0.839 1 TeV −5.25× 10−3 O(10−21)
(ντ , τ) 0.703 1 TeV −2.64× 10−3 O(10−15)
−0.703 1 TeV −5.25× 10−3 O(10−19)
Quarks cQ µ1 m˜D
gWL
gw/
√
2
− 1 g
W
R
gw/
√
2
(u, d) −1.044 0.1 1.0 −5.24× 10−3 O(10−14)
(c, s) −0.7546 0.1 1.0 −5.25× 10−3 O(10−9)
(t, b) 0.2287 0.1 0.1 −3.43× 10−3 O(10−4)
−0.2287 0.1 1.0 −4.41× 10−3 O(10−5)
6 Summary and discussions
In this paper we have presented a new model of the SO(5)× U(1)× SU(3) gauge-Higgs
unification in which quark and lepton multiplets are introduced in the spinor, vector,
and singlet representations of SO(5) such that they can be implemented in the SO(11)
gauge-Higgs grand unification scheme. This should be contrasted to the previous model
in which all quark and lepton multiplets are introduced in the vector representation of
SO(5). The up-type quarks are contained solely in the spinor representation. The right-
handed down-type quarks are mainly contained in the singlet representation of SO(5).
SO(5)×U(1)×SU(3) singlet brane Majorana fermions are introduced on the UV brane.
The coupling of these brane fermions to bulk fermion multiplets induces the gauge-Higgs
seesaw mechanism in the neutrino sector, which takes the same form as the inverse seesaw
mechanism in four-dimensional GUT theories.
With SO(5)×U(1)×SU(3) gauge-invariant brane interactions taken into account the
quark-lepton mass spectrum has been reproduced with the exception that down quark
mass (md) becomes lighter than up quark mass (mu). A solution to this problem is yet
to be found. The compatibility with grand unification severely restricts matter content
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and interactions in the gauge-Higgs unification. Nevertheless it is very encouraging that
the model yields almost the same W couplings of quarks and leptons.
The present model serves as a viable alternative to the standard model. If it is the
case, phenomenological consequences of the model need to be clarified. As in the previous
model Z ′ bosons (the first KK modes of γ, Z and ZR) are predicted around 7 TeV to
10 TeV range. We have seen in Section 5 that the bulk mass parameters (cu, cc) of quark
multiplets Ψ(3,4) in the first and second generations must be negative to avoid exotic light
excitation modes of down-quark-type. The bulk mass parameters cL of lepton multiplets
can be either positive or negative. The sign of the bulk mass parameters is critically
important to determine the behavior of wave functions. For c > +1
2
(c < −1
2
) left-handed
quarks/leptons are localized near the UV (IR) brane, whereas right-handed ones near the
IR (UV) brane. As Z ′ bosons are localized near the IR brane, right-handed (left-handed)
quarks/leptons have larger couplings to Z ′ bosons for c > +1
2
(c < −1
2
). The effect of
the large parity violation can be seen in the e+e− collisions through interference terms.
In particular, cross sections of various fermion-pair production processes should reveal
distinct dependence on the e− polarization.[14]
With the mass spectra of all fields having been determined, one can investigate the
effective potential Veff(θH) to show that EW symmetry is dynamically broken. The flavor
mixing in the quark and lepton sectors and the dark matter are also among the problems
to be solved in the gauge-Higgs unification scenario. We shall come back to these issues
in the near future.
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A SO(5)
The generators of SO(5), Tjk = −Tkj = T †jk (j, k = 1, 2, 3, 4, 5), satisfy the algebra
[Tij, Tkl] = i(δikTjl − δilTjk + δjlTik − δjkTil). (A.1)
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In the adjoint representation,
(Tij)pq = −i(δipδjq − δiqδjp),
tr(TjkTlm) = 2(δjlδkm − δjmδkl), tr(Tjk)2 = 2. (A.2)
We take the following basis of SO(5) Clifford algebra:
{Γj,Γk} = 2δjkI4 ,
Γa = σ
a ⊗ σ1 (a = 1, 2, 3) ,
Γ4 = σ
0 ⊗ σ2 , Γ5 = σ0 ⊗ σ3 = −Γ1Γ2Γ3Γ4 , (A.3)
where σ0 = I2 and {σa} are Pauli matrices. In terms of Γj the SO(5) generators in the
spinor representation are given by
Tjk = − i
4
[Γj,Γk]
(
= − i
2
ΓjΓk for j 6= k
)
,
(Tjk)
2 =
1
4
I4 , tr(Tjk)
2 = 1 . (A.4)
The orbifold boundary conditions P0, P1 in Eqs (3.4) break SO(5) to SO(4) ' SU(2)L×
SU(2)R. The generators of the corresponding SO(4) ' SU(2)L × SU(2)R in the spinor
representation are given by
~TL =
1
2
T23 + T14T31 + T24
T12 + T34
 = 1
2
~σ ⊗
(
1 0
0 0
)
,
~TR =
1
2
T23 − T14T31 − T24
T12 − T34
 = 1
2
~σ ⊗
(
0 0
0 1
)
. (A.5)
These generators become block-diagonal so that an SO(5) spinor representation 4 can be
decomposed into (2,1)⊕ (1,2) of SO(4) ' SU(2)L × SU(2)R :
Ψ4 =
(
Ψ(2,1)
Ψ(1,2)
)
. (A.6)
In the representation (A.3) one finds that
Γ∗j = (−1)j+1Γj,
R := −iΓ2Γ4 = R† = R−1 = σ2 ⊗ σ3,
RΓjR = (−1)j+1Γj, RΓ∗jR = Γj,
RT ∗jkR = −Tjk. (A.7)
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It follows that for an SO(5) spinor Ψ4, the R-transformed one also transforms as 4.
Ψ˜4 := iRΨ
∗
4 ,
Ψ′4 =
(
1 +
i
2
jkTjk
)
Ψ4 ⇒ Ψ˜′4 =
(
1 +
i
2
jkTjk
)
Ψ˜4. (A.8)
Its SO(5) content is given by
Ψ˜4 =
(
Ψ˜(2,1)
Ψ˜(1,2)
)
=
(
iσ2Ψ∗(2,1)
−iσ2Ψ∗(1,2)
)
. (A.9)
B Basis functions
We summarize basis functions in the RS space.
B.1 Gauge fields
We define
Fα,β(u, v) ≡ Jα(u)Yβ(v)− Yα(u)Jβ(v) (B.1)
where Jα(x) and Yα(x) are Bessel functions of the 1st and 2nd kind, respectively. For
gauge bosons C = C(z;λ) and S = S(z;λ) are defined as solutions of
− P4
(
C
S
)
=
(
− d
2
dz2
+
1
z
d
dz
)(
C
S
)
= λ2
(
C
S
)
, (B.2)
with boundary conditions C = zL, S = 0, C
′ = 0, and S ′ = λ at z = zL. They are given
by
C(z;λ) = +
pi
2
λzzLF1,0(λz, λzL),
C ′(z;λ) = +
pi
2
λ2zzLF0,0(λz, λzL),
S(z;λ) = −pi
2
λzF1,1(λz, λzL),
S ′(z;λ) = −pi
2
λ2zF0,1(λz, λzL). (B.3)
We note that
−Pz
(
C ′
S ′
)
= λ2
(
C ′
S ′
)
,
CS ′ − SC ′ = λz . (B.4)
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B.2 Massless fermion fields
For massless fermions in five dimensions we define(
CL
SL
)
(z;λ, c) = ±pi
2
λ
√
zzL Fc+ 1
2
,c∓ 1
2
(λz, λzL) ,(
CR
SR
)
(z;λ, c) = ∓pi
2
λ
√
zzL Fc− 1
2
,c± 1
2
(λz, λzL) , (B.5)
which satisfy
D+
(
CL
SL
)
= λ
(
SR
CR
)
, D−
(
CR
SR
)
= λ
(
SL
CL
)
,
CLCR − SLSR = 1 ,
CR = CL = 1 , SR = SL = 0 , at z = zL. (B.6)
They also satisfy
CL(z;λ,−c) = CR(z;λ, c) , SL(z;λ,−c) = −SR(z;λ, c) . (B.7)
B.3 Massive fermion fields
As seen in (3.16), Ψˇ±α(3,1) and Ψˇ
±β
(1,5) have additional pseudo-Dirac bulk mass terms in the
action. To find basis functions for these massive fermions, we consider the action for N±
fields given by∫
d4x
∫ zL
1
dz
k
{
Nˇ+D0(c+)Nˇ+ + Nˇ−D0(c−)Nˇ− − km˜
z
(
Nˇ+Nˇ− + Nˇ−Nˇ+
)}
where D0(c) =
(−kD−(c) σµ∂µ
σ¯µ∂µ −kD+(c)
)
. (B.8)
m˜ is dimensionless, and km˜ corresponds to mαD and m
β
V in (3.16).
To find eigenmodes with four-dimensional mass kλ, we write Nˇ±R (x, z) = N±R(z)fR(x)
and Nˇ±L (x, z) = N±L(z)fL(x) as described below Eq. (5.7). Then N±R(z) and N±L(z)
must satisfy
D−(c±)N±R − λN±L + m˜
z
N∓R = 0 ,
D+(c±)N±L − λN±R + m˜
z
N∓L = 0 . (B.9)
Note
D±(c)D∓(c) = − d
2
dz2
+
c(c∓ 1)
z2
. (B.10)
We consider two cases; c+ = c− and c+ = −c−.
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B.3.1 Case I. c+ = c− = c
It follows immediately from (B.9) that
D−(c± m˜)(N+R ±N−R) = λ (N+L ±N−L) ,
D+(c± m˜)(N+L ±N−L) = λ (N+R ±N−R) . (B.11)
General solutions are given by(
N±R
N±L
)
= a
(
Cc+m˜R
Sc+m˜L
)
+ b
(
Sc+m˜R
Cc+m˜L
)
± a′
(
Cc−m˜R
Sc−m˜L
)
± b′
(
Sc−m˜R
Cc−m˜L
)
. (B.12)
Here Cc±m˜L/R = CL/R(z;λ, c± m˜) and Sc±m˜L/R = SL/R(z;λ, c± m˜).
At this stage we define basis functions by
CR1(z;λ, c, m˜) = CR(z;λ, c+ m˜) + CR(z;λ, c− m˜) ,
CR2(z;λ, c, m˜) = SR(z;λ, c+ m˜)− SR(z;λ, c− m˜) ,
SL1(z;λ, c, m˜) = SL(z;λ, c+ m˜) + SL(z;λ, c− m˜) ,
SL2(z;λ, c, m˜) = CL(z;λ, c+ m˜)− CL(z;λ, c− m˜) ,
CL1(z;λ, c, m˜) = CL(z;λ, c+ m˜) + CL(z;λ, c− m˜) ,
CL2(z;λ, c, m˜) = SL(z;λ, c+ m˜)− SL(z;λ, c− m˜) ,
SR1(z;λ, c, m˜) = SR(z;λ, c+ m˜) + SR(z;λ, c− m˜) ,
SR2(z;λ, c, m˜) = CR(z;λ, c+ m˜)− CR(z;λ, c− m˜) , (B.13)
which satisfy the equations and boundary conditions
D−(c)
(CR1
CR2
)
= λ
(SL1
SL2
)
− m˜
z
(SR2
SR1
)
,
D−(c)
(SR1
SR2
)
= λ
(CL1
CL2
)
− m˜
z
(CR2
CR1
)
,
D+(c)
(CL1
CL2
)
= λ
(SR1
SR2
)
− m˜
z
(SL2
SL1
)
,
D+(c)
(SL1
SL2
)
= λ
(CR1
CR2
)
− m˜
z
(CL2
CL1
)
,
SRj = SLj = D−(c) CRj = D+(c) CLj = 0 at z = zL . (B.14)
Note also
CRj(z;λ,−c, m˜) = CLj(z;λ, c, m˜) ,
SRj(z;λ,−c, m˜) = −SLj(z;λ, c, m˜) ,
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CR/Lj(z;λ, c,−m˜) = (−1)j−1 CR/Lj(z;λ, c, m˜) ,
SR/Lj(z;λ, c,−m˜) = (−1)j−1 SR/Lj(z;λ, c, m˜) . (B.15)
In the m˜→ 0 limit
CR1 → 2CR , SR1 → 2SR , CL1 → 2CL , SL1 → 2SL ,
CR2, SR2, CL2, SL2 → 0 . (B.16)
Two types of boundary conditions appear at z = zL.
Type A: (N+R, N−R, N+L, N−L) = (+,−,−,+)
When parity assignment at y = L for (N+R, N−R, N+L, N−L) is (+,−,−,+), boundary
conditions at z = zL become
D−(c)N+R = 0 , N+L = 0 ,
N−R = 0 , D+(c)N−L = 0 . (B.17)
In this case a = a′ and b = −b′ in (B.12) and solutions can be written as
N+R
N+L
N−R
N−L
 = a

CR1(z;λ, c, m˜)
SL1(z;λ, c, m˜)
SR2(z;λ, c, m˜)
CL2(z;λ, c, m˜)
+ b

CR2(z;λ, c, m˜)
SL2(z;λ, c, m˜)
SR1(z;λ, c, m˜)
CL1(z;λ, c, m˜)
 , (B.18)
where a, b are arbitrary constants.
If N ’s have the same parity assignment at y = 0 as that at y = L, then (B.17) must be
satisfied at z = 1 as well. Substituting (B.18) into (B.17) and evaluating the conditions
at z = 1, one finds (SL1 SL2
SR2 SR1
)(
a
b
)
= 0 (B.19)
where SL1 = SL1(1;λ, c, m˜) etc.. The mass spectrum is determined by
SL1SR1 − SL2SR2 = 0 . (B.20)
Note
SL1SR1 − SL2SR2 + 2 = CL1CR1 − CL2CR2 − 2
= Sc+m˜L S
c−m˜
R + S
c−m˜
L S
c+m˜
R + C
c+m˜
L C
c−m˜
R + C
c−m˜
L C
c+m˜
R ,
SL1CL1 − SL2CL2 = 2
(
Sc+m˜L C
c−m˜
L + S
c−m˜
L C
c+m˜
L
)
. (B.21)
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Type B: (N+R, N−R, N+L, N−L) = (−,+,+,−)
When parity assignment at y = L for (N+R, N−R, N+L, N−L) is (−,+,+,−), boundary
conditions at z = zL become
N+R = 0 , D+(c)N+L = 0 ,
D−(c)N−R = 0 , N−L = 0 . (B.22)
In this case a = −a′ and b = b′ in (B.12) and solutions can be written as
N+R
N+L
N−R
N−L
 = a

SR2(z;λ, c, m˜)
CL2(z;λ, c, m˜)
CR1(z;λ, c, m˜)
SL1(z;λ, c, m˜)
+ b

SR1(z;λ, c, m˜)
CL1(z;λ, c, m˜)
CR2(z;λ, c, m˜)
SL2(z;λ, c, m˜)
 , (B.23)
where a, b are arbitrary constants.
If N ’s have the same parity assignment at y = 0 as that at y = L, then (B.22) must be
satisfied at z = 1 as well. Substituting (B.23) into (B.22) and evaluating the conditions
at z = 1, one finds (SR2 SR1
SL1 SL2
)(
a
b
)
= 0 . (B.24)
The mass spectrum is determined by
SL1SR1 − SL2SR2 = 0 . (B.25)
B.3.2 Case II. c+ = −c− = c
The special case c+ = −c− = c naturally emerges in the context of six-dimensional
gauge-Higgs grand unification.[35] The bulk (vector) mass parameter c appears there as
a coefficient in the vector component γ6, which becomes the bulk mass parameter in the
RS space, ±c, for 6D Weyl (γ7 = ±) components. In this case Eq. (B.9) becomes
D−(c)N+R − λN+L + m˜
z
N−R = 0 ,
D+(c)N+L − λN+R + m˜
z
N−L = 0 ,
−D+(c)N−R − λN−L + m˜
z
N+R = 0 ,
−D−(c)N−L − λN−R + m˜
z
N+L = 0 . (B.26)
To find solutions to Eqs. (B.26), we note that{
− d
2
dz2
+
c(c∓ 1)
z2
+
m˜2
z2
− λ2
}
N±R − m˜
z2
N∓R = 0 . (B.27)
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We seek solutions in the form N+R = f(z) and N−R = αf(z). Solutions exist provided
−c− αm˜ = c− m˜/α is satisfied, or α = α± where
α± =
1
m˜
(−c± cˆ) , α+α− = −1 ,
cˆ =
√
c2 + m˜2 . (B.28)
With α = α±, f(z) satisfies {
D±(cˆ)D∓(cˆ)− λ2
}
f(z) = 0 . (B.29)
Hence general solutions are given by(
N+R
N−R
)
= a
(
C cˆR
α+C
cˆ
R
)
+ b
(
S cˆR
α+S
cˆ
R
)
+ a′
(
C cˆL
α−C cˆL
)
+ b′
(
S cˆL
α−S cˆL
)
, (B.30)
where C cˆL/R = CL/R(z;λ, cˆ) and S
cˆ
L/R = SL/R(z;λ, cˆ).
To find the corresponding solutions for N±L, we make use of the identities
D−(c) = +D−(cˆ)− m˜α+
z
= −D+(cˆ)− m˜α−
z
,
D+(c) = +D+(cˆ)− m˜α+
z
= −D−(cˆ)− m˜α−
z
(B.31)
to find (
N+L
N−L
)
= a
(
S cˆL
α+S
cˆ
L
)
+ b
(
C cˆL
α+C
cˆ
L
)
− a′
(
S cˆR
α−S cˆR
)
− b′
(
C cˆR
α−C cˆR
)
. (B.32)
Basis functions for Case II are defined as follows.
CˆR1(z;λ, c, m˜) = CR(z;λ, cˆ) + α2+CL(z;λ, cˆ) ,
CˆR2(z;λ, c, m˜) = α+
{
SL(z;λ, cˆ) + SR(z;λ, cˆ)
}
,
SˆL1(z;λ, c, m˜) = SL(z;λ, cˆ)− α2+SR(z;λ, cˆ) ,
SˆL2(z;λ, c, m˜) = α+
{
CL(z;λ, cˆ)− CR(z;λ, cˆ)
}
,
CˆL1(z;λ, c, m˜) = CL(z;λ, cˆ) + α2+CR(z;λ, cˆ) ,
CˆL2(z;λ, c, m˜) = α+
{
SR(z;λ, cˆ) + SL(z;λ, cˆ)
}
,
SˆR1(z;λ, c, m˜) = SR(z;λ, cˆ)− α2+SL(z;λ, cˆ) ,
SˆR2(z;λ, c, m˜) = α+
{
CR(z;λ, cˆ)− CL(z;λ, cˆ)
}
. (B.33)
We note that CˆL2(z;λ, c, m˜) = CˆR2(z;λ, c, m˜) and SˆL2(z;λ, c, m˜) = −SˆR2(z;λ, c, m˜). With
the aid of (B.28) and (B.31), one finds
D−(c)
(CˆR1
CˆR2
)
= λ
(SˆL1
SˆL2
)
+
m˜
z
(SˆL2
SˆL1
)
,
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D+(c)
(SˆL1
SˆL2
)
= λ
(CˆR1
CˆR2
)
− m˜
z
(CˆR2
CˆR1
)
,
D−(c)
(SˆR1
SˆR2
)
= λ
(CˆL1
CˆL2
)
− m˜
z
(CˆL2
CˆL1
)
,
D+(c)
(CˆL1
CˆL2
)
= λ
(SˆR1
SˆR2
)
+
m˜
z
(SˆR2
SˆR1
)
,
SˆRj = SˆLj = D−(c) CˆRj = D+(c) CˆLj = 0 at z = zL . (B.34)
Note
SˆR1CˆL1 − SˆR2CˆL2 = (1 + α2+)(S cˆRC cˆL − α2+S cˆLC cˆR) . (B.35)
As c→ −c, α± → −α∓ so that
CˆRj(z;λ,−c, m˜) = α2−CˆLj(z;λ, c, m˜) ,
CˆLj(z;λ,−c, m˜) = α2−CˆRj(z;λ, c, m˜) ,
SˆRj(z;λ,−c, m˜) = −α2−SˆLj(z;λ, c, m˜) ,
SˆLj(z;λ,−c, m˜) = −α2−SˆRj(z;λ, c, m˜) . (B.36)
Further, as m˜→ −m˜, α± → −α± and
CˆR/Lj(z;λ, c,−m˜) = (−1)j−1 CˆR/Lj(z;λ, c, m˜) ,
SˆR/Lj(z;λ, c,−m˜) = (−1)j−1 SˆR/Lj(z;λ, c, m˜) . (B.37)
In the m˜→ 0 limit
CˆR/L1(z;λ, c, 0) = CR/L1(z;λ, c) , SˆR/L1(z;λ, c, 0) = SR/L1(z;λ, c) ,
CˆR/L2(z;λ, c, 0) = SˆR/L2(z;λ, c, 0) = 0 . (B.38)
Two types of boundary conditions appear at z = zL.
Type A: (N+R, N−R, N+L, N−L) = (+,−,−,+)
When parity assignment at y = L for (N+R, N−R, N+L, N−L) is (+,−,−,+), boundary
conditions at z = zL become
D−(c)N+R = 0 , N+L = 0 ,
N−R = 0 , D−(c)N−L = 0 , (B.39)
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which leads to the conditions for the parameters in (B.30) and (B.32){
aα+ + a
′α− = 0,
b− b′ = 0. (B.40)
It follows that solutions can be written as
N+R
N+L
N−R
N−L
 = a˜

CˆR1(z;λ, c, m˜)
SˆL1(z;λ, c, m˜)
−SˆL2(z;λ, c, m˜)
CˆR2(z;λ, c, m˜)
+ b˜

CˆR2(z;λ, c, m˜)
SˆL2(z;λ, c, m˜)
−SˆL1(z;λ, c, m˜)
CˆR1(z;λ, c, m˜)
 , (B.41)
where a˜ = a and b˜ = b/α+ are arbitrary constants.
If N ’s have the same parity assignment at y = 0 as that at y = L, then (B.39) must be
satisfied at z = 1 as well. Substituting (B.41) into (B.39) and evaluating the conditions
at z = 1, one finds (SˆL1 SˆL2
SˆL2 SˆL1
)(
a˜
b˜
)
= 0 (B.42)
where SˆL1 = SˆL1(1;λ, c, m˜) etc.. The mass spectrum is determined by
Sˆ2L1 − Sˆ2L2 = 0 . (B.43)
Type B: (N+R, N−R, N+L, N−L) = (−,+,+,−)
When parity assignment at y = L for (N+R, N−R, N+L, N−L) is (−,+,+,−), boundary
conditions at z = zL become
N+R = 0 , D+(c)N+L = 0 ,
D+(c)N−R = 0 , N−L = 0 . (B.44)
This leads to {
a+ a′ = 0,
bα+ − b′α− = 0. (B.45)
It follows that solutions can be written as
N+R
N+L
N−R
N−L
 = a˜

SˆR2(z;λ, c, m˜)
CˆL2(z;λ, c, m˜)
CˆL1(z;λ, c, m˜)
−SˆR1(z;λ, c, m˜)
+ b˜

SˆR1(z;λ, c, m˜)
CˆL1(z;λ, c, m˜)
CˆL2(z;λ, c, m˜)
−SˆR2(z;λ, c, m˜)
 , (B.46)
where a˜ = a/α+ and b˜ = b are arbitrary constants.
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If N ’s have the same parity assignment at y = 0 as that at y = L, then (B.44) must be
satisfied at z = 1 as well. Substituting (B.46) into (B.44) and evaluating the conditions
at z = 1, one finds (SˆR2 SˆR1
SˆR1 SˆR2
)(
a˜
b˜
)
= 0 . (B.47)
The mass spectrum is determined by
Sˆ2R1 − Sˆ2R2 = 0 . (B.48)
C Majorana fermions
We summarize the notation adopted in the present paper concerning Majorana fermions
in four dimensions. Dirac matrices are
{γµ, γν} = 2ηµν , ηµν = diag(−1, 1, 1, 1) ,
γµ =
(
σµ
σ¯µ
)
,
(
σµ
σ¯µ
)
= (±I2, ~σ) , γ5 =
(
I2
−I2
)
. (C.1)
We define ψ = iψ†γ0. Charge conjugation is given by ψC = UC(ψ)t where UCγµtU
†
C =
−γµ. In our representation
UC = ie
iδc
(
σ2
σ2
)
, ψ =
(
ξ
η
)
→ ψC =
(
ηc
−ξc
)
= eiδc
(
σ2η∗
−σ2ξ∗
)
. (C.2)
Note (ψC)C = ψ whereas (ηc)c = −η and (ξc)c = −ξ. It follows that
ψ1ψ2 = −iη†1ξ2 + iξ†1η2 = ψC2 ψC1 ,
ψ1γ
µ∂µψ2 = −iη†1σµ∂µη2 + iξ†1σ¯µ∂µξ2 ,
− iη†1σµ∂µη2 = −i∂µηc2†σ¯µηc1 ∼ iηc†2 σ¯µ∂µηc1 , (C.3)
and so on.
In (5.38) we have introduced wave functions of mass eigenstates satisfying
σ¯µ∂µf±R(x) = mf±L(x) , σµ∂µf±L(x) = mf±R(x) ,
f±L(x)c = eiδCσ2f±L(x)∗ = ±f±R(x) . (C.4)
Explicit forms of f±L/R(x) are given, for modes propagating in the x3-direction with
~p = (0, 0, p), by
f
(1)
+L =
1√
2E
( √
E + p e−iEt+ipx3
eiδc
√
E − p eiEt−ipx3
)
, f
(1)
+R =
1√
2E
(
−i√E − p e−iEt+ipx3
ieiδc
√
E + p eiEt−ipx3
)
,
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f
(2)
+L =
1√
2E
( √
E + p eiEt−ipx3
−eiδc√E − p e−iEt+ipx3
)
, f
(2)
+R =
1√
2E
(
i
√
E − p eiEt−ipx3
ieiδc
√
E + p e−iEt+ipx3
)
,
f
(1)
−L =
1√
2E
( √
E + p e−iEt+ipx3
−eiδc√E − p eiEt−ipx3
)
, f
(1)
−R =
1√
2E
(
−i√E − p e−iEt+ipx3
−ieiδc√E + p eiEt−ipx3
)
,
f
(2)
−L =
1√
2E
( √
E + p eiEt−ipx3
eiδc
√
E − p e−iEt+ipx3
)
, f
(2)
−R =
1√
2E
(
i
√
E − p eiEt−ipx3
−ieiδc√E + p e−iEt+ipx3
)
.(C.5)
Here E =
√
p2 +m2.
D Dark fermions
In addition to the quark and lepton multiplets we introduce dark fermion multiplets in
the bulk, which give relevant contributions to the effective potential Veff(θH) to induce
the electroweak symmetry breaking by the Hosotani mechanism. They naturally appear
from grand unified theory.
D.1 QEM =
2
3 ,−13: (Ψ(3,4) ≡ ΨF )
The bulk mass parameter of this multiplet, cF , is assumed to satisfy |cF | < 12 . ΨF satisfies
boundary condition (3.8). There are no zero modes. The spectrum is vector-like. (F1, F
′
1)
in Table 3 forms a pair analogous to (u, u′) pair, whereas (F2, F ′2) to (d, d
′) pair. Both
pairs satisfy, in the twisted gauge, the equations similar to Eq. (5.6) with cQ replaced by
cF .
With the boundary conditions at y = L taken into account, mode functions can be
written as(
˜ˇF 1R
˜ˇF ′1R
)
=
(
αFSR(z, λ, cF )
αF ′CR(z, λ, cF )
)
fR(x),
(
˜ˇF 1L
˜ˇF ′1L
)
=
(
αFCL(z, λ, cF )
αF ′SL(z, λ, cF )
)
fL(x). (D.1)
The boundary conditions at z = 1 are flipped, however, and we have D−Fˇ1R = 0 and
Fˇ ′1R = 0 there to find
KF
(
αF
αF ′
)
=
(
cos 1
2
θHC
F
L −i sin 12θHSFL−i sin 1
2
θHS
F
R cos
1
2
θHC
F
R
)(
αF
αF ′
)
= 0 . (D.2)
Here SFL/R = SL/R(1, λ, cF ) etc.. detKF = 0 leads to the equation determining the
spectrum;
SFLS
F
R + cos
2 θH
2
= 0 . (D.3)
There are no light modes for |cF | < 12 and small θH . The spectrum of the (F2, F ′2) pair is
also given by (D.3).
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D.2 QEM = ±1: E±, Eˆ± (Ψ±(1,5))
In general Ψ+(1,5) and Ψ
−
(1,5) may have different bulk mass parameters cV + and cV − . For
charged particles E±, equations of motion are given by
− kD−(cV +)Eˇ+R + σµ∂µEˇ+L −
m∗V
z
Eˇ−R = 0 ,
σµ∂µEˇ
+
R − kD+(cV +)Eˇ+L −
mV
z
Eˇ−L = 0 ,
− kD−(cV −)Eˇ−R + σµ∂µEˇ−L −
m∗V
z
Eˇ+R = 0 ,
σµ∂µEˇ
−
R − kD+(cV −)Eˇ−L −
mV
z
Eˇ+L = 0 . (D.4)
E+ and E− couple with each other through the mass mV . Boundary conditions are given
by Eˇ+R = D+(cV +)Eˇ
+
L = 0 and D−(cV −)Eˇ
−
R = Eˇ
−
L = 0 at z = 1, zL.
Mode functions can be easily found for cV + = ±cV − . They are summarized in Ap-
pendix B.3. We quote the results there. We note that the same result is obtained for Eˆ±
as for E±.
Case I: cV + = cV − = cV
We denote m˜V = mV /k. The boundary condition is Type B. Mode functions are given
by (B.23);

Eˇ+R
Eˇ+L
Eˇ−R
Eˇ−L
 = a

SR2(z;λ, cV , m˜V )
CL2(z;λ, cV , m˜V )
CR1(z;λ, cV , m˜V )
SL1(z;λ, cV , m˜V )
+ b

SR1(z;λ, cV , m˜V )
CL1(z;λ, cV , m˜V )
CR2(z;λ, cV , m˜V )
SL2(z;λ, cV , m˜V )
 , (D.5)
where a, b are arbitrary constants. The expression is valid both in the original gauge and
in the twisted gauge, as these fields do not couple to θH at the tree level. The spectrum
is determined by (B.25);
SVL1SVR1 − SVL2SVR2 = 0 (D.6)
where SVL1 = SL1(1;λ, cV , m˜V ) etc..
Case II: cV + = −cV − = cV
In this case mode functions are given by (B.46);
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
Eˇ+R
Eˇ+L
Eˇ−R
Eˇ−L
 = a

SˆR2(z;λ, cV , m˜V )
CˆL2(z;λ, cV , m˜V )
CˆL1(z;λ, cV , m˜V )
−SˆR1(z;λ, cV , m˜V )
+ b

SˆR1(z;λ, cV , m˜V )
CˆL1(z;λ, cV , m˜V )
CˆL2(z;λ, cV , m˜V )
−SˆR2(z;λ, cV , m˜V )
 , (D.7)
where a, b are arbitrary constants. The spectrum is determined by (B.48);
(SˆVR1)2 − (SˆVR2)2 = 0 (D.8)
where SˆVR1 = SˆR1(1;λ, cV , m˜V ) etc..
D.3 QEM = 0: N
±, Nˆ±, S± (Ψ±(1,5))
N±, Nˆ± and S± couple with each other through θH . Equations of motion in the original
gauges are
−kDˆ−(cV ±)
 ˇˆN±RNˇ±R
Sˇ±R
+ σµ∂µ
 ˇˆN±LNˇ±L
Sˇ±L
− m∗V
z
 ˇˆN∓RNˇ∓R
Sˇ∓R
 = 0 ,
σµ∂µ
 ˇˆN±RNˇ±R
Sˇ±R
− kDˆ+(cV ±)
 ˇˆN±LNˇ±L
Sˇ±L
− mV
z
 ˇˆN∓LNˇ∓L
Sˇ∓L
 = 0 . (D.9)
Note Dˆ±(c) is given by (5.2).
The relation between the original and twisted gauges are given by Ψ±(1,5) = Ω(z)Ψ˜
±
(1,5),
where Ω(z) = eiθ(z)T45 , so that
ψ3 = ψ˜3 ,
(
ψ4
ψ5
)
=
(
cos θ(z) sin θ(z)
− sin θ(z) cos θ(z)
)
,
ψ±3 =
i√
2
(Nˆ± +N±) , ψ±4 =
1√
2
(Nˆ± −N±) , ψ±5 = S±, (D.10)
and threfore  ˇˆN±Nˇ±
Sˇ±
 = Ω(z)

˜ˆˇ
N±
˜ˇN±
˜ˇS±
 ,
Ω(z) = V
1 0 00 cos θ(z) sin θ(z)
0 − sin θ(z) cos θ(z)
V −1,
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V = V −1 =
 1√2 1√2 01√
2
− 1√
2
0
0 0 1
 . (D.11)
It follows that
Dˆ−(cV ±)
 ˇˆN±RNˇ±R
Sˇ±R
 = Ω(z)D−(cV ±)

˜ˆˇ
N±R
˜ˇN±R
˜ˇS±R
 , (D.12)
and so on. Boundary conditions in the original gauge are
ˇˆ
N+R = Dˆ+(cV +)
ˇˆ
N+L = Dˆ−(cV −)
ˇˆ
N−R =
ˇˆ
N−L = 0 ,
Nˇ+R = Dˆ+(cV +)Nˇ
+
L = Dˆ−(cV −)Nˇ
−
R = Nˇ
−
L = 0 ,
Dˆ−(cV +)Sˇ
+
R = Sˇ
+
L = Sˇ
−
R = Dˆ+(cV −)Sˇ
−
L = 0 , (D.13)
at both z = 1 and z = zL.
Case I: cV + = cV − = cV
The boundary conditions in the twisted gauge at z = zL are obtained from (D.13) by
replacing Dˆ±(c) by D±(c). Mode functions of N and Nˆ fields are given by (B.23), whereas
those of S field by (B.18);
˜ˇˆ
N+R˜ˇˆ
N+L˜ˇˆ
N−R˜ˇˆ
N−L
 = aNˆ

SR2(z;λ, cV , m˜V )
CL2(z;λ, cV , m˜V )
CR1(z;λ, cV , m˜V )
SL1(z;λ, cV , m˜V )
+ bNˆ

SR1(z;λ, cV , m˜V )
CL1(z;λ, cV , m˜V )
CR2(z;λ, cV , m˜V )
SL2(z;λ, cV , m˜V )
 ,

˜ˇN+R˜ˇN+L˜ˇN−R˜ˇN−L
 = aN

SR2(z;λ, cV , m˜V )
CL2(z;λ, cV , m˜V )
CR1(z;λ, cV , m˜V )
SL1(z;λ, cV , m˜V )
+ bN

SR1(z;λ, cV , m˜V )
CL1(z;λ, cV , m˜V )
CR2(z;λ, cV , m˜V )
SL2(z;λ, cV , m˜V )
 ,

˜ˇS+R˜ˇS+L˜ˇS−R˜ˇS−L
 = aS

CR1(z;λ, cV , m˜V )
SL1(z;λ, cV , m˜V )
SR2(z;λ, cV , m˜V )
CL2(z;λ, cV , m˜V )
+ bS

CR2(z;λ, cV , m˜V )
SL2(z;λ, cV , m˜V )
SR1(z;λ, cV , m˜V )
CL1(z;λ, cV , m˜V )
 , (D.14)
where m˜V = mV /k and aNˆ , bNˆ , aN , bN , aS, bS are arbitrary parameters.
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We insert (D.14 ) into the boundary conditions (D.13) at z = 1. With the aid of
(D.11) and (D.12) one finds that
KN

aNˆ
aN
aS
bNˆ
bN
bS
 = 0 , KN =
(
V 0
0 V
)(
A B
C D
)(
V 0
0 V
)
,
A =
SVR2 0 00 cHSVR2 sHCVR1
0 −sHCVL2 cHSVL1
 , B =
SVR1 0 00 cHSVR1 sHCVR2
0 −sHCVL1 cHSVL2
 ,
C =
SVL1 0 00 cHSVL1 sHCVL2
0 −sHCVR1 cHSVR2
 , D =
SVL2 0 00 cHSVL2 sHCVL1
0 −sHCVR2 cHSVR1
 (D.15)
where cH = cos θH , sH = sin θH and SVL1 = SL1(1;λ, cV , m˜V ) etc.. The spectrum is
determined by detKN = 0;
detKN = det
(SVR2 SVR1
SVL1 SVL2
)
det

cHSVR2 sHCVR1 cHSVR1 sHCVR2
−sHCVL2 cHSVL1 −sHCVL1 cHSVL2
cHSVL1 sHCVL2 cHSVL2 sHCVL1
−sHCVR1 cHSVR2 −sHCVR2 cHSVR1

= (SVL1SVR1 − SVL2SVR2)
{
c4H(SVL1SVR1 − SVL2SVR2)2 + s4H(CVL1CVR1 − CVL2CVR2)2
+ s2Hc
2
H(CVR1SVL2 − CVR2SVL1)2 + s2Hc2H(CVL1SVR2 − CVL2SVR1)2
+ 2s2Hc
2
H(CVL1SVL1 − CVL2SVL2)(CVR1SVR1 − CVR2SVR2)
}
. (D.16)
Case II: cV + = −cV − = cV
The boundary conditions (D.13) become
ˇˆ
N+R = Dˆ+(cV )
ˇˆ
N+L = Dˆ+(cV )
ˇˆ
N−R =
ˇˆ
N−L = 0 ,
Nˇ+R = Dˆ+(cV )Nˇ
+
L = Dˆ+(cV )Nˇ
−
R = Nˇ
−
L = 0 ,
Dˆ−(cV )Sˇ+R = Sˇ
+
L = Sˇ
−
R = Dˆ−(cV )Sˇ
−
L = 0 , (D.17)
49
at both z = 1 and z = zL. Mode functions of N and Nˆ fields are given by (B.46), whereas
those of S field by (B.41);
˜ˇˆ
N+R˜ˇˆ
N+L˜ˇˆ
N−R˜ˇˆ
N−L
 = aNˆ

SˆR2(z;λ, cV , m˜V )
CˆL2(z;λ, cV , m˜V )
CˆL1(z;λ, cV , m˜V )
−SˆR1(z;λ, cV , m˜V )
+ bNˆ

SˆR1(z;λ, cV , m˜V )
CˆL1(z;λ, cV , m˜V )
CˆL2(z;λ, cV , m˜V )
−SˆR2(z;λ, cV , m˜V )
 ,

˜ˇN+R˜ˇN+L˜ˇN−R˜ˇN−L
 = aN

SˆR2(z;λ, cV , m˜V )
CˆL2(z;λ, cV , m˜V )
CˆL1(z;λ, cV , m˜V )
−SˆR1(z;λ, cV , m˜V )
+ bN

SˆR1(z;λ, cV , m˜V )
CˆL1(z;λ, cV , m˜V )
CˆL2(z;λ, cV , m˜V )
−SˆR2(z;λ, cV , m˜V )
 ,

˜ˇS+R˜ˇS+L˜ˇS−R˜ˇS−L
 = aS

CˆR1(z;λ, cV , m˜V )
SˆL1(z;λ, cV , m˜V )
−SˆL2(z;λ, cV , m˜V )
CˆR2(z;λ, cV , m˜V )
+ bS

CˆR2(z;λ, cV , m˜V )
SˆL2(z;λ, cV , m˜V )
−SˆL1(z;λ, cV , m˜V )
CˆR1(z;λ, cV , m˜V )
 , (D.18)
where aNˆ , bNˆ , aN , bN , aS, bS are arbitrary parameters.
We insert (D.18) into the boundary conditions (D.17) at z = 1. This time we have,
instead of (D.15),
KN =
(
V 0
0 V
)(
Aˆ Bˆ
Cˆ Dˆ
)(
V 0
0 V
)
,
Aˆ =
SˆVR2 0 00 cH SˆVR2 sH CˆVR1
0 −sH CˆVL2 cH SˆVL1
 , Bˆ =
SˆVR1 0 00 cH SˆVR1 sH CˆVR2
0 −sH CˆVL1 cH SˆVL2
 ,
Cˆ =
SˆVR1 0 00 cH SˆVR1 −sH CˆVR2
0 −sH CˆVL1 −cH SˆVL2
 , Dˆ =
SˆVR2 0 00 cH SˆVR2 −sH CˆVR1
0 −sH CˆVL2 −cH SˆVL1
 (D.19)
where SˆVL1 = SˆL1(1;λ, cV , m˜V ) etc.. The spectrum is determined by
detKN =
{
(SˆVR1)2 − (SˆVR2)2
}
×
{
cos4 θH
[
(SˆVL1)2 − (SˆVL2)2
] [
(SˆVR1)2 − (SˆVR2)2
]
+ sin4 θH
[
(CˆVL1)2 − (CˆVL2)2
] [
(CˆVR1)2 − (CˆVR2)2
]
+ 2 sin2 θH cos
2 θH
(
SˆVL1SˆVR1 − SˆVL2SˆVR2
)(
CˆVL1CˆVR1 − CˆVL2CˆVR2
)
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− 2 sin2 θH cos2 θH
(
SˆVL1SˆVR2 − SˆVL2SˆVR1
)(
CˆVL1CˆVR2 − CˆVL2CˆVR1
)}
= 0 . (D.20)
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